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Lecture 1 - Sep. 5
Syllabus & Introduction

Formal Methods:
Theorem Proving vs. Model Checking
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CLol| Doc ment requirements organizing them into appropriate categories such as environ-

Course Learning Outcomes (CLOS)

mental constraints versus functional proberties (safety and progress).

Construct high level, abstract mathematical models of a system (consisting of both the
system and its environment) amenable to formal reasoning,.

€ Cuvs. C
Apply set theory and predicate logic to express functional and safety properties from
the requirements as events, guards, system variants and invariants, of a state-event model.

VT
Use models to reason about and predict theix{ afety] and progress properties.

Plan and construct a sequence oflreﬁnementslfrom ahstract high-level specifications to
implemented code. A a1l é ;'.,.qpm\{;' o P g
Provethat a concrete system refines an abstract model. /

Apply the method to a variety of systems such as sequential, concurrent and embedded
systems.

Use |practical tools|for constructing and reasoning about the models.

|CLO9| Use Hoare Logic and Dijkstra weakest precondition calculus to derive correct designs.
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Lecture 2 - Sep. 10

Introduction

Safety-Critical vs. Missional-Critical
Professional Engineers: Code of Ethics
Safety Property/Invariant

Verification vs. Validation



Announcements/Reminders

Q\AWIMAV
e Priority: Labl R aRER <7

Wednesday's lab

d Lert-B
?jnfm(



Q&Pﬁh{ Dritital ‘ﬁ,{gfgm
NFPY HMM
S¢S

A wv\al&:/ 170!»’0( kat

it ghutdowv gvﬁzwt
71 vADl?&{(a/\ b. vadae Lo to Ie,/

3, Vol b
R S

U, Fﬁl‘QM&l’GJ ( ijm, valbrge)
REnn (IOt *%ﬂ# & S A use
pilol £ Lubo-dAriied -




G |no mszm‘f Sroovms

£abS




'Goal : ’Vm% sz Lﬁemwﬁfwé Aﬂ;éms % /?ejwemmf

Ammm .Y et S b tomopoos
Dl e T W ’
1.! ..?M%:me R /6 : }jj(’(&f[ { YIoA- Lo,
/ow/a‘e
oyl 41




Mission-Critical vs. Safety-Critical

Safety critical

When defining safety critical it is ben-
eficial to look at the definition of each
word independently. Safety typically
refers to being free from danger, injury,
or loss. In the commercial and military
industries this applies most directly to
human life.( Critical refers to a task
that must be successfully completed
to ensure that a larger, more complex
operation succeeds. Failure to com-
plete this task compromises the integ-
rity of the entire operation. Therefore
a safety-critical application for an
RTOS implies that execution failure
or faulty execution by the operating
system could result in injury or loss of
human life.

Safety-critical systems demand soft-
ware that has been developed using a
well-defined, mature software devel-
opment process focused on producing
quality software. For this very reason

the DO-178B specification was cre-
ated. DO-178B defines the guidelines
for development of aviation software
in the USA. Developed by the Radio
Technical Commission for Aeronautics
(RTCA), the DO-178B standard is a
set of guidelines for the production of
software for airborne systems. There
are multiple criticality levels for this
software (A, B, C, D, and E).

These levels correspond to the conse-

quen f a software failure:
H| Level A is catastrophic scs
M| Level B is hazardous/severe

B[ Lever U s major
M Level D is minor
M Level K is no ettect

Safety-critical software is typically
DO-178B level A or B. At these higher
levels of software criticality the soft-
ware objectives defined by DO-178B
must be reviewed by an independent
party and undergo more rigorous test-
ing. Typical safety-critical applications
include both military and commercial

ﬂight, and engine controls.

Mission critical

A mission refers to an operation or
task that is assigned by a higher author-
ity. Therefore a mission-critical ap-
plication for an RTOS implies that a
failure by the operating system will
prevent a task or operation from being
performed, possibly preventing suc-
cessful completion of the operation as
a whole.

Mission-critical systems must also be
developed using well-defined, mature

software development processes. There-
fore they also are subjected to the
rigors of DO-178B. However, unlike
safety-critical applications, mission-
critical software is typically DO-178B
level C or D. Mission-critical systems
only need to meet the lower criticality
levels set forth by the DO-178B speci-
fication.

Generally mission-critical applications
include navigation systems, avionics
display systems, and mission command
and control.
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Building the product right?

M
Library of
Programming

Components

8

satisfies?
I

Implementation

System Properties

Informal translated
Requirements -

checked/proved? )

translated

>

System Model
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Research on “Assurance Cases

g_Systems: Assurance Cases
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Lecture 3 - Sep. 12
Introduction, Math Review

Model-Based Development
Propositional Logic
= : Analogy, Truth Table, Alternative Terms

Universal vs. Existential Quantification



Announcements/Reminders

e Priority: Labl
e Study along with the Math Review lecture notes.
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Correct by Construction: File Transfer Protocol
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Lecture 4 - Sep. 17
Math Review
Logical (©) vs. Programming (&&)

False Range -~ R(x) vs. Empty Array
Proof Strategies of Quantifiers



Announcements/Reminders v

22b2]
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e Labl due this Friday at noon.
e Scheduled lab sessions tfomorrow.
e Study along with the Math Review lecture notes.




HL Q((_) = syn’rax

Predicate Logic: Quanhﬁers J7.Qch) - base cases in programming

y g

Y] 'R(')OP(') hockan st it 208
V‘Mt ‘)[1 g E (-PM ’Wafh == O){_ VE’fMM@_{M_e
gmﬂa vmge &g;,)

L 7K(1. ....................... 7&/;9
: i};@/\f-’(l) bookan sowe pSei@ (AL DT
W auf 2 Imdfl'\ —@{rﬁ(ﬂ@?é/%"i
Koy = Jale 7 z = #”w%
[en

1 anrcl]/ fo



Logical Operator vs. Programming_Operator
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Logical Quantifiers: Examples
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Logical Quantifiers: Examples
beal: ghow) RO DPx) = B
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Prove/Disprove Logical Quantifications al X ﬁﬂ“
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Lecture 5 - Sep. 19
Math Review
Set Comprehension

Relating Sets vs. Postconditions
Power Set (Enumeration, Cardinality)



Announcements/Reminders

e Labl due tomorrow (Friday) at noon.
e Lab2 to be released soon afterwards.



Sets: Definitions and Membership
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Relating Sets: Exercises
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Sets: Exercises L ( E18 )

Set membership: Rewrite eS in terms of € and -

Find a common pattern for defining:

< 1.(=)(numerical equality) via <and 2) A=Y &S 7(53 A Js A
2.(=)(set equality) via ¢ and 2 YO=0 ScGaA&KesS
S-{l 2,3}, T=4{2, 3, 1}, U =13, 2}
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Bidirectional Subset Relations: Programming

/* Return the set of positive elements from input. */

HashSet<Integer> allPositive(HashSet<Integer> input)

Formulate the “allPositive” method using a

set comprehension.
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Bidirectional Subset Relations: Programming

/* Return the set of positive elements from input. */
HashSet<Integer> allPositive(HashSet<Integer> input)

Say:
- S denotes the subset all positive elements from Tinput'.
- Set “output” denotes the return value from “allPositive’.
Relate the two sets S and output @sei operators.
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Bidirectional Subset Relations: Programming

/* Return the set of positive elements from input. */
HashSet<Integer> allPositive(HashSet<Integer> input)

Say:
- S denotes the subset all positive elements from Tinput'.
- Set “output” denotes the return value from “allPositive’.
Relate the two sets S and output without set operators.
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Cardinality of Power Set: Interpreting Formula No )
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e Calculate by considering subsets of various cardinalities.
e/ Lalculate by considering whether a member should be included.
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Lecture 6 - Sep. 24

Math Review

Incompleteness of Postcondition
Interpreting the choose operator
Cross Product

Relation



Announcements/Reminders

e Labl solution released
e Lab2 released
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Bidirectional Subset Relations: Programming S ThiTaQ

/* Return the set of positwe elements from input. */
HashSet<Integer> allPositive(HashSet<Integer> input)

Say: fm?
- S denotes the subset all positive elements from “input. Gty

- Set “output” denotes the return value from “allPositive’.
Relate the two sets S and output with set operators. } %%— ; M/AYK
input output Postcondition checks to see

if the output is correct w.r.t. the input. f’
£he 7rfo.

(R1) {x | x € input A x > O} C ou’rpu’r%f/a
%

(R2) output € {x | x € |Ar;ruf A X > 0}
ot Pl m .
Q1: Why is[(R1)]alone mcomple’re IR

i Q2: Why is (R2) alone mcom_ple’re M?‘f ’{3:;%




VIEE

(RD) ix | x € input A x > 0}@0u1'pu1'
(R2) output(< x | x € input A x > 0}
J \f]’ C’TAFA{: Jl\v(% _7; %2, 2583
R
/,(»Yv OWE[M{ ‘{ 2‘254&,, fOE
(RO T

et + aeIe % fhe Fosfcow{. 7 W,,%
aptk s o055 35 2083 R A
9—*%?05-' {2534%% Nt}ut: {2’33 @R‘




Bidirectional Subset Relations: Programming

/* Return the set of positive elements from input. */
HashSet<Integer> allPositive(HashSet<Integer> input)
Say:
- S denotes the subset all positive elements from “input".

- Set “output” denotes the return va%ﬂrm “allPositive’.
Relate the two sets S and output with set operators.

input output Postcondition checks to see
if the output is correct w.r.t. the input.

allPositive (R1) v x ® x € input A x > 0 = x € output

(R2) v x ® x € output = x € input A x >0

Q1: Why is (R1) alone incomplete?
Q2: Why is (R2) alone incomplete?
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set of Tuples | Six S x = X Sa | = Iix [Befx - xld]

Given nsets Sy, So, ..., Sy, a cross/Cartesian product of
theses sets is a set of n-tuples.

Each n-tuple (eq, eo,..., €n) contains n elements, each of 2t e }’le‘
which a member of the corresponding set. 4 kM N-
Ponding SeL n et Y 2

Sl®92®--xsa={(e1,e2 ..... e,,)|e,-eS,-/\1gisn}
S( Sz J\5

Example: Calculate |{a, b}| X {2, 4} X {$’; &}
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Lecture 7 - Sep. 26

Math Review

Constructing All Possible Relations
Domain, Range, Inverse
Domain/Range Restriction/Subtraction
Relational Image



Announcements/Reminders

e Lab2 released /’7 pzg
e Guide for m/azfz st 1 to be released next Tue

e Remote TA Support
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e Dedicated symbol for(set)of possible relations on S and T: §< >T

e Declare that set ris a relation on S and T:

Example: Enumerate all relations on {a, b} and {2, 4}
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Relational Operations: Domain, Range, Inverse

mmmmmmmn
W@-—{l,z P AYBVAL

r={(af1), (bf2), (c, 3), (a, 4), (b, 5), (c, 6), (d, 1), (e, 2), (f, 3)}
i‘:{u,a)5(2..1>>,(s,c>,(4,a>4,(f,!>)3 .0, (o) (2,6),6:43

Exercise: Relate the domains and ranges oFand its| inverse.

g

dou(y) = renly ) i
12N (v) =  pom(v’™)



Relational Operations: Image

7= {(al1). (0.2). (c, 3), (@), (0.B). c. 6), @ 1), (. 2), (, 3)}
vl ] = 1 v | Gy)ey a de fa.b3g =[11,2,4,€5
S

C el

Y< zsxT
v (8] pShsptich = S c S

| Exercises
e Image of {a, b} on r? / 06{{

e Image of {1 2} on the inverse of r? y L1, Zi] 3 {A"L’J’éj
e Calculate rs range via an image. v4A(v) = YCD‘DM(VYJ
e Calculate r's domain via an image.

don(v"')
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Relational Operations: Restrictions vs. Subtractions

{(a, 1),(b, 2), (c, 3),(a, 4), (b, 5), (c, 6), (d, 1), (e, 2), (f, 3)}

BEIY =1 (A s (h) s (@), (L,EYS

r={(a, 1), (b, 2), (c, 3), (a, 4), (b, 3), (c, 6), (d, 1), (e, 2), (f, 3)}
v DAL = G0, 4 (1), (6, )8
r={(@4), (b)2), (c, 3), (&A), (B5), (c, 6), (d, 1), (e, 2), (f, 3)}
RBEY = (6D, 0,1, (6,2), 38
r={(ax), (b,2), (c, 3), (a, 4), (b, 5), (c, 6), (a/1), (¢:2), (f, 3)}




Relational Operations: Overriding

r={(a, 1), (b, 2), (c, 3), (a, 4), (b, 5), (, 6), (d, 1), (e, 2), (f, 3)}

Example: Calculate r overridden with {(a, 3), (c, 4)}

Hint: Decompose results to those in ts domain and those not in ts domain.

©<@ -1, v)l(d v)etv((d V) €V A ¢ ch®)?

velotir  velatint



Lecture 8 - Oct. 1
Math Review, Labl Solution, Lab2
Algebraic Properties of Relational Ops

Lab2: Celebrity O
Functional Properties



Announcements/Reminders

e Lab2 due this Friday
e Guide for Programming Test 1 released
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Relational Operations: Overriding (“d _{(7( l?ﬁfjﬁ o,

(c+8), (d, 1), (e, 2), (f, 3)

Example: Calculate(r)overridden with ({(a, 3), (c, 4)}

Hint: Decompose results to those in ts domain and those not in ts domain.

©<@ -1, v)’(ﬁ( v)etv((d V) €V A ¢ ch®)?
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Example: Calculate(t/overridden wifh@_w

/ @ trms/é’v.
LQA%;M {asc“z‘a”% Y l%——w"ﬁé‘f = 1l beD =y

22, bO2)taus
exce? A” Fms mfk fa{t e(euaafg( _{
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Exercises: Algebraic Properties of Relational Operations

r={(a, 1), (b, 2), (c, 3), (a, 4), (b, 5), (c, 6), (d, 1), (e, 2), (f, 3)}

V[S ] S:- f“oi’}
Define the image of set s on rjin ferms of other relational operations.
Hint: What range of value should be included?

v[s][=ms < v) A
i C veal) ﬂ”es e

Define r overridden with set t in terms of other relational operations.

Hint: To be in ts domain or not to be in ts domain?

rat = tuhys v
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Lab2: Relafional Operafors

S e A Mok,

2. The celebrity knows no one.

3. Everyone know the celebrlty

Le Y&t

LePx )

.{% P= {«Ql&n,ﬂw{( -(;w\g

=4 (llon, M), L€

Célﬂ'ﬂ TOWO;
(Mek Gy
CFxv¥

| Among persons, there is a spe01al one: the celebrity. We define the{ knows
I and other persons should be treated differently: ¢ G‘P

; _> 1. No person (including the celebrity) knows himself or herself.

B&’Mbowﬂ Jj

AXIOMS

axml:
dﬁamm
axm3:

axmé:
—)

P Set person

| CONTEXT Celebrity_c0 Sd
CONSTANTS
k knows relation

c celebrity

,.oJBI +he

P Nﬂy, %
[c< 3ol %

k@(P\{c})HP
k(] = P\ {e}

|axms53

END |

®HNld=o

Al

CLM s AM) 2
‘——"rgmhlu 5 %

ich captures how the celebrity |

MACHINE Celebrity_ 0
SEES Celebrity_c0
VARIABLES
r
INVARIANTS
invl: reP
EVENTS
Initialisation
begin
actl: r:€ P
end
Event celebrity (ordinary) =
begin
actl: r:=c¢
end
END




fom

il @Ht?sj F\‘iag
éelelyrdg

{(MWL A
(Tm [%‘lj>73
UC@I: i eaE Z‘ I{ e V(Av)cgl

ctlebid Bmp & brewn a0l
J 2 y emr% [

}f gj el wl # j f{,mfe//éﬁ’




NCR,

I

¢ & dom(k)



Functional Property S
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Q: Smallest relation satisfying the functional property. ;5

@ How to prove or disprove that a relation r is a function.
Q: Rewrite the functional property using|contrapositive
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Lecture 9 - Oct. 3
Math Review

Partial Function vs. Total Function
Relational Imgqg vs. Function App
Modelling Decision: Rel, Pfun, Tfun



Announcements/Reminders

e Lab2 due tomorrow at noon
e Guide for Programming Test 1 released
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a@ Smallest relation satisfying the functional property. ¢
@ How to prove or disprove that a relation r is a function.
Q:/ Rewrite the functional property using|contrapositive.
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Partial Functions vs. Total Functions - o)

Qidp I EM‘MM$
re|S *ql' F:A(J isFunctional(r) /\|dom(r) € S!) Sa/ownOOC S \/l (V)~§|
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S Ve ST
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Relational Image vs. Functional Application

A function is a relation.

wFecaal ) A[domcEC 112,38
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Modelling_Decision: Relations vs. Functions

An organization has a system for keeping track of its employees as to where
they are on the premises (e.g., * *Zone A, Floor 23’’). To achieve this,
each employee is issued with an active badge which, when scanned,
synchronizes their current positions to a central database.

Assume the following two sets:

o Employee denotes the set of all employees working for the organization.
o Location denotes the set of all valid locations in the organization.

Is where_is € Employee <-> Location appropriate?

Is where_is € Employee — Location appropriate?

Is where_is € Employee + Location appropriate?
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Review Q & A - Oct. 6

Programming Test 1

PracticeTest1 Solution Walkthrough
Labl1 Solution
Math Review Lecture



Announcements/Reminders

Released:
e Lab2 solutions (PDF & a walkthrough tutorial video)
e PracticeTest1 solution



PracticeTest1 Solution: Context

Aa:elay ’t(c’? peith ke

CONTEXT C0

SETS

A school system is concerned with Students

Finite Carrier Set STUDENT

A school system is concerned with Courses

Finite Carrier Set COURSE

ENV3

A Student has a set of courses they are taking
COURSE

fr . .
om invl: Relation c

A student can take up to cap courses

inv2

cap is a integer larger than 0

Constant cap

ENVG)

ENV7T

/—\
A school can only accept up tONimit students ) inv3

11m1t is a integer larger than 0

Constant limit

/ 1.] axml:

\/ COURSE CARRIER SET}| 3.| axm3;

CONSTANTS 4.| axm4:

cap

course cap

limit School L1rn1t< m%z >

Constant c_p A Number of courses students can take- &) 0 / o,

VlSTUDENZ CARRIER SET 2.l axm2:| Constant 1limit - A Number of students the

Carrier Set| COURSE/- Finite Set of Abstract Courses =
:| Carrier SetlSTUDENT Finite Set of abstract

school can take. (52 .-

students (In and not In school) N
1

¢ ﬁ}ﬁ fordtont  or 'l/amue - tyfy pnsta)

AXIOMS
axmif: | cap € Ny ‘P (&E
=l Toew, ptert, Méths
720 \Waxnd  finite(STUDENT)
‘ﬂﬂ heeded for welldefinedness of inv3 and inv4 [ av ¢ (W &t ;
X A =g finite(COURSE) O)t ?ﬂ‘;&/
needed for welldefinedness of inv3 and inv4

U4

ND

nk

=P

po «f”‘ bl of teees

~ Y0 two (‘Mvcéf g%g
~ 70 # 53

~ ot o /VEMNE

syeu ﬂzhe sets fmtent

PM"B/ €



¥ ol X ol (Srovear]) ¢ Tng e £t of ol pree 9“‘-{3"5 pasteamts v nably
PracticeTestl Solution: [Invariants @ F"’ 5 Cr«lobnﬂ onstel] X

——— oL Uy niabbs)

| 5. 1nv1:— Defined as ’|Students|can takela set, of Courses| apg)students in school to a set of
courses Le Qﬁ X peit éh‘d&‘{ % Mamd R

6. inv2: defines the restriction of ENV4
o A&t & Ooas

~ 7. inv3: defines the restriction of ENV6 limit > 0
| | | | | | | | | | | | | | | | | | | | | | | | | | | | | | | |

X
G)c ¢ |Spvrn © &)URSE

MACHINE Enrollment0 p/\b‘ 34
SEES C0 1}‘78
VARIABLES

|/
@ courses student takes 1&» , STU?E/‘Y[ @WC&GQSE)

INVARIANTS V) ol
invi: (@€ STUDENT(:)P (COURSE) ’5 ¢ 1,.\t . ﬁwi'i“ﬁ,p 13

Students can take a set of coursel} @ p. 3 { (Jack? 20C4 }030>

inv31 Vaiaédom( )@ard( (a)) < cap
e?eleﬁ—ee@%i
‘? iHEé Jaalc @ , Lot 20, 68093423)3

Studgnt Must bl—z taklng at f\ost cap courses




PracticeTestl Solution: Events (Init, Admission, Leave)

Initialisation
begin Allow admission of a student. New students have no Event admission
actl: c:=Q courses
empty set initialization Allow a student to leave the school Event leave
end

Event (ordinary) =

8. Event admission: takes event parameter s, the event is enabled when
Admitting a Student to the School

8.1 s is a student

an;
d @student being added 8.2 s is not already admitted in the school
where {79 8.3 limit of the school has not been reached
L\' W‘gpe ke d(m If enabled, the event should add a student to the c relation with an empty course set.
om C
A\

Make sure student isn’t already admitted . Event leave: takes event parameter s, the event is enabled when
Lc) b |srd2: card(dom(c)\< 'Lmzt WAQ al

9.1 s is a student in the school
Make Sure School L 11t Whed

then

If enabled, the event should remove the student from the relation c

acti:(ch= c@ — '}
Add Student with empty dourse set é

hadg
en » , ¢ - [/ ) 7
Event ljave (ordinary) = | %( P ﬁ (M = m 2974’9 ﬂ JM ‘(‘M
Remove student once they leave y
axy o . [doml) &) jo |

s student leaving

et semo ¢ .l e ettaokd 4 ae
then actl: c:={s}<dc . m MM‘S;M }mTV d 6V r%/m(sgmlr
o remove from relation Q> -~ (C ) < m




Lab1l Solution: Machine (Variables & Invariants)

MACHINE Bank0
// Initial model of the bank system

SEES CO0
VARIABLES

b balance (ENV2)

d cash drawer (REQT)

owner account owner (ENV9) - Solutign to Exercise 4 of Labl
INVARIANTS ﬁ

invi: [€ ACCOUNT »Z_] A,t )) ¢ Btb"\”\r( <L

inv2: de€Z J'

inv3: Va-a € dom(b) = b(a) > —c aﬂ dbk\/“'l(- wb}/ k WP

(ENV3)

inv4: Va-a € dom(b) = b(a) < L i pr ol wbg
(ENV3) - Solution to Exercise 3 of Labl b { s al Y 23 al '_9 L[L . 3

invs: owner € ACCOUNT + PERSON
(ENVY9) - Solution to Exercise 4 of Labl

inv6: dom(b) = dom(owner)
Consistent domains of the balance and owner functions (ENV9) - Solution to Exercise 4 of Labl (Note.
If we declared this invariant as a theorem, then it must be provable/derivable from other invariants
that are declared as axioms, which is not the case. Instead, we also declare this invariant as an axiom
(i.e., not as a theorem) so that proof obligations (POs) will be generated regarding it being established
(by INITIALIZATION) and preserved (by other events).)




Lab1l Solution: Machine (transfer)

~

Event transfer (ordinary)
(REQ11) - Solution to Exercise 4 of Labl

any
’ pe bl , ol ke,
MACHINE Bank0 a2 —> ¥ a/lﬁ{\e»/ L2 Ia(au 3
// Initial model of the bank system h v
where \ ,
SEES C0 —_— 1edom(bP€ b:-}\...’ NN DLUI(/’V_
VARIABLES grd2:/ a2 € dom(b) Hef
b balance (ENV2) grd¥: al # a2 Wo il r7 DUAQ)T
d cash drawer (REQT) grdd: blal)—v> —c = AJ
owner account owner (ENV9) - Solution to Exerc grd? b(Z2I)\I+ uE L
g v 1
IENPVEREEIN. XS Necessary to make POs related to inv3/inv4 discharged
invl: b€ ACCOUNT +Z then

W,
actl: b:= b@{a@b(al) — v, a@b(a2) + v}

inv2: d€Z
inv3: Va-a € dom(b) = b(a) > —c Note. It’s not allowed to have two actions involving the 1
(ENV3) =

inv4: Va-a € dom(b) =b(a) < L
(ENV3) - Solution to Exercise 3 of Labl

invs: owner € ACCOUNT + PERSON
(ENV9) - Solution to Exercise 4 of Labl

inv6: dom(b) = dom(owner)



Lecture 10 - Oct. 8
Math Review, Bridge Controller Intro

Injective vs. Surjective vs. Bijective

Modelling an Array as a Function
?



Announcements/Reminders

e ProgTestl tomorrow Wednesday
e Lab3 released
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‘kl‘ isInjective (f)
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(ﬂ.f_E[) H,@) AESS

of«r/afr

‘Alf fis a partial injection, we write: |[fe S>» T \?
° eg., {©{(1,a)},4(2,a),(8,b)} } c {1,2,3}»{a, b

o-e.9.-{(1.b),(2.a), (3,b) XD{1,2,3} » {a b} itz ar- pp.C
023 {(1,b), (3§>}¢{1 %»{a}b . W:J , L>€7L\’\>=\/-5 |
GhHet
o eg.,{1,2,3} »{ab}=v
e.g., {(2,d),(1,a),(3,c)} € {1,2,3} » {a,b,c,d}
e.g., {(2,d),(1,¢)} ¢{1,2,3} » {a,b,c,d}
e.g., {(2,d),(1,0),(8,d)} ¢{1,2,3} » {a,b,c,d} (
0w e,
1 i
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If f is a[total injection] we write:

fe(S) T

o e.g., {152,3} » {4, b}(ﬁ_m"w&% total M7t S

o e.g
{(2,d),(1,¢0)
- ega@ @7d)’( C),

©), mJectrve fm}?&f(zj ,

@, d),d a),@c)} < {1,2,3} » {a,b,c,d}
o 692 12,3} = {a, b, ¢, d}
Jd)Yy ¢ {1,2,3) - {a,b,c,d)

ﬂd bt net tota|

152,38 > fa.hS8
| e iceion
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If fis & partial surjection,|we write:
° eg., {{(1 b), (2 a)},{(1,b),(2,a),(3,b)} } = {1,2,3} &

¢{1,2.3 +»{ab}




Bijective Functions

9\
(2, b), @aEe @}¢{1 234}>-»{abc}
1ja), (2[eh} ¢ {1,2} » {a,b, ¢}

ha t B0l | @ Spy
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Lecture 11 - Oct. 10
Bridge Controller Intro
Formalizing Arrays as Functions

Bridge Controller: Intro
Initial Model: Abstract State



Announcements/Reminders

fosion Lottt bl
L Mgﬁ\ PN :

WrittenTest1| 6h Wednesday, October 23
L ?.m/p £ /wcrflé g,s A/m/c/ Lrest.
Office Hours during Reading Week TBA:
e Help on Lab3
e Questions on, e.g., Labl, Lab2, Math Review Lecture

Bonus Opportunity: Midterm Course Survey (eClass)




Formalizing Arrays as Functions

String[] rames = {“alan”, “mark”, “tom"};
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State Space of a Model
: bo /7?«@‘2 Vs,

Definition: The state space of a model is
the set of all possible valuations of its declared constants and variables,

subject to declared constraints. gVI@J\PmP =1¢e, AN /gjl/‘fozflga‘ e
[ A

Sa an initial model of a bank system with two constants an a varlable

N1 /\(} N1 /\@ounoe String -+ 7 ypmg constramt 4
V/d e id € dom(accounts) — —c < accounts(id

Ql Give some example configurations of this initial models state space.

Tet: (0,000 5 Zoooo » B wt 2 o vt
£, . (/0,000 Jvo,c0 { bil l l—bﬁ'OOO-§> ZZ (/O,coo ?‘?E—H"l>-ﬁ>m~5>

H%edl(-lfg/v lgﬁe ‘ﬁfﬂ% is this initial models state sPaCﬁhc MJ of J/ﬂ—y
S’(&w 3}7&“8 {wv/&nsf lzsf ‘ t/ng ncgaants \ ( Tavaeatt B @t 75 5 4m Y




Bridge Controller:
Requirements Document ——— i .
slan ) Bridge Mainland

ENV1 The system is equipped with two traffic lights with two colors: green and red. .|j|

ENV2 The traffic lights control thelentrancato the bridge at both ends of it.
* ENV3 Cars are not supposed to pass on a red traffic light, only on a green one.

* L[b/EMC' A?C{mrw
The system is equipped with four sensors with two states: on or off.
——— —_— —
-
to per aaﬁeat popptres

The sensors are used to detect the presence of a car entering or leaving the bridge:
“on” means that a car is willing to enter the bridge or to leave it.

m Thelsysteais controlling cars on a bridge connecting the mainland to an island. FEQ
REQ2 v The number of cars on bridge and island is limited.

A
II The bridge ior the other, not both at the same time. R bgwa / )ﬂba/e(
b tedue Lo adf.




Bridge Controller: Abstraction in the Initial Model

REQ2 The number of cars onlbridge and island |s limited.

'{A -[4[10 n/’a, sty ‘thkm )"D-(

Y10 bv?ﬂ(qel gefov

bridge

] 20 y@ﬁ“@%@@m
18 <— B

= 00 +3 = bj)




Bridge Controller: State Space of the Initial Model

REQ2 The number of cars on bridge and island is limited.

Static Part of Model

o

) axioms:
constants: @ axm0.1:ldeN

270
Dynamic Part of Model
ilg{ariant . 77
variables: @ inv0_1:neN
inv0 2:n<d

Island

and
bridge

Mainland

o

o tavs

@ el % Iwza‘/70
)4'- a,\n’&té # Qﬂ
(avs



Bridge Controller: State Transitions of the Initial Model

REQ2 The number of cars on bridge and island is limited.

f('ﬁt(’ axioms:

sYace constants: d axm0.1:deN

Island
and
bridge

invariants:

variables: n inv0_1:
inv0_2 {nx@)

: nﬁqura’rlon

> TdVﬁl (M(
At

3¢N /\(F:Z_(




Review Q & A - Oct. 20

Written Test 1

Practice Test Questions
Math Review Lecture



Written Test 1: Practice Question 1 g

¢ am
T (£
Consider the following predicate: = 3

I'X,y. X:NAT & y:NAT=>x*y >0

| uy,,{. LN RJEN D TT50
( L) v

Consider each of the following statements in isolation, choose all that are correct. T T =

v v CENADEN

[E/1. The predicate is not a theorem and can be disproved by an x-y pair (5, 0). Wrtdess - .@ B’;‘O>_o|

[12/ The predicate is not a theorem and can bq disproved by an x-y pair (12, 13).

O s
O 4.

0O s
| G

X = z
X _ Nes [ €N A 13 EA)T
The predicate is a theorem and can be proved by an x-y pair (2, 3).

The predicate is not a theorem and can be disproved by an x-y pair{ (12, -2).

7
N f the listed stat tsi t. G
one of the listed s a)éemen s is correc NAqlss I2 e.,v A =2 GN

The predicate is a theorem and can be proved by an x-y pair (5, 4). ,-Q ’2
- ¥ 2>0



Written Test 1: Practice Question 2
£ 3 0 to fw o(
Consider the following predicate: a-x’g . ’/(@N A ﬁéﬁ A x%q > O/) Me. Wit ess

LY. X:NAT & y: NAT & x *y >0

Consider each of the following statements in isolation, choose all that are correct.

‘ el to Loy
(] 1. The predicate is not a)t<heorem and can be disproved by an x-y pair (5, 0). A l Aﬁ 4 oy
al &%ma@d; |

02 The predicate is not a theorem and can be disproved by an x-y pair (12, -2).
[] 3.- None of the listed statements is corseéct _2 GN A _,3 GN -'2* 5 > ‘o
v

(] 4. The predicate is a theorem and can be proved by an x-y pair ( 2 3)

|2(5. The predicate is a theorem and can be proved by an x-y p@_; g é'b’/\ 4 élv/\ F!,* 4 SO <-r )

U/G. The predicate is a theorem and can be proved by an x-y pai( (2,3).)

[J 7. The predicate is not a theorem and can be disproved by an x-y pair (12, 13).

X
@ S’éﬁ] A OGN AEx 0 >0 {rh;; W tess Wﬂ[\lﬂ'@f

T T F t Jele | but et
;f#‘mm{- b o/ﬂ/w":]




_ .
Written Test 1: Practice Question 3 ”’AV%

Given two sets S and T, say we write: 6&‘ b,é\, d\g \ '{a\’ eg U '{&\‘.pz

e S\/ T for their union
e S\ T for their intersection
e S\ T for their difference

9 /
(v g U | ) )
“nter an integer value (with no spaces).

What is the| cardinality of the power set of ({a, b, c, d}@{a, e}) V{a, 1?2 F

| TP((g.bst,d3 Mg e8| 1£3) |
150,030 {a,+3

s ZJ{A,;,c.o/,%sJ: %= 32




| pecederts) 2,

Written Test 1: Practice Question 4 F

Consider the following logical quantification: U R(T) % ]%X)
X, Y. X:NAT&Y:NAT=>x+y>=10&x+y<20 x
Convert the above predicate to an equivalent one using the other logical quantifier.

- - F )
Note the following constraints on your answer: - _] 37( ’ ch) /\ Cx

¢ Only put pairs of parentheses when necessary. C A \/

o Like the above predicate, there should be no white spaces. f A ) V

o Like the above predicate, numerical constants (i.e., 10, 20) must appear asthe right operands of he relational expressmns (e.g., x +
y >=10).

» Relational expressions should be simplified whenever possible, e.g., write x >= 20 rather than not(x < 20).

Be cautious about the spellings: this question will be graded automatically and no partial marks will be give to spelling mistakes.

Answer: ‘ J

Rez-g) v T
lx,vg Nre AlQT&}{ NAT .3>7(+;1> 10 7%Y < % £
74410

ndf, (:?li 7(,’}1 X ,UATZ 3 A(ATZ@IH%IO or 7t’+1(f }cﬂ)ﬂ P,

7C+y> =5




Written Test 1: Practice Question 5

et

Consider two sets:
oy @l all P ol T
il{j%}g} . S 7(1 y € a'b 3 *

Write out thejmaximum frelation r such tha

Requirements. In your answer:

e Pairs must be sorted in an ascending order by the first elements, or by the second elements if the first elements are identical. For
examples: (x, 2) appears before (y, 1), (x, 1) appears before (x, 2), etc.
¢ No white spaces should be included, e.g., write (x,1) rather than (x, 1).

Be cautious about the spellings: this question will be graded automatically and so no partial marks will be given due to spelling mistakes.

Answer: ‘ ‘

L@, @.2.09),40, 0,2, 1,353



Written Test 1: Practice Ques’rion 6
LI f‘o ey
Consider two sets: Q “i(p. bv 9’\\9 ’x 'a“ﬁe

g /’ jl‘m [:) aeS/\Lel/\l #T]’\I—_—‘—gg

Enumerate the following set:
{(ab)|a:S&b:T&a/=x&b <3} X X »( ZO
Requirements. In your answer: =

o Pairs must be sorted in an ascending order by the first elements, or by the second elements if the first elements are identical. For

examples: (x, 2) appears before (y, 1), (x, 1) appears before (x, 2), etc.
* No white spaces should be included, e.g., write (x,1) rather than (x, 1).

Be cautious about the spellings: this question will be graded automatically and so no partial marks will be given due to spelling mistakes.

w101, GlL2)S |
) v

MMJ Yot v bes @(aFEX v bes)
o gux s s



&MBA 4 e[éma«&,
how war ways

q{
Written Test 1: Practice Question 7 ( D >
Consider two sets: fan wl MALP SJL’?.’?

e S={xy}

Consider rsuchthatr:S<->T:  &&| do./' sab.

| (1, x,3), v, 1), (v, 2)) '———] — ‘
What js the result of the following expression: Y < 5 CZ > l> s [(T‘, 5)l$(z 9 ’)( s ((w §
{xlT\{z})) > . Y& - - j

Requirements. In your answer:
« Pairs must be sorted in an ascending order by the first elements, or by the second elements if the first elements are identical. For
examples: (x, 2) appears before (y, 1), (x, 1) appears before (x, 2), etc.
do"' * No white spaces should be included, e.g., write (x,1) rather than (x, 1).

TR

Be cautious about the spellings: this queszion will be graded automatically and>so no partial marks will be given due to spelling mistakes.

Answer: ‘ ‘

3@ v GUT )\ {28)
= 3 |1@R. @X, (1,13

A
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Lecture 12 - Oct. 22

Bridge Controller

Event Action vs. Before-After Predicate
Before- vs. After-States
Sequents: Syntax and Semantics



Announcements/Reminders

e ProgTest1 results to be released around next Monday.
e WrittenTest1l tomorrow during your enrolled lab session
® Lab4 released (ProgTest2 on November 6)

+ Try to complete Part 1 by Friday.

+ Follow the proof steps in Part 2 & collect questions.

+ Scheduled lab session on October 30.




Before-After Predicates of Event Actions

- Pre-State
- Post-State
- Sate Transition

(1) Nvffé X to

oot pt-stat
orlup,
2 Wee xl &
denstd =5 st sta 115

lnp.
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Exercise: Event Actions vs. Before-After Predicates

Q. Are the following event actions suitable for a swap between x and y?

9ua
swap
begin ’CBMF 7 =

temp| .= x

Xl:i=y

2;,
7 teme }1’=\ ek



Invariant Preservation

Design of Events:

variables: n

invariants:
inv0_1:neN

inv0 2:[n<d

NEN

Yl
Tese: Y sate - qatec Siste e

T stafe)

< o
o dﬁfwe thes . -I\mo( ﬁtﬁf? & Satdpatt

A Jestatey



Sequents: Syntax and Semantics

Syntax . e
v sZé
Semantics wh«/{ﬂ{'he
=
HEGR < H>6 N+l <d
Y,eo(rmfe L, oy thet H & twp N & % Rovable .

Q. What does it mean when H is empty/absent?

O [Twe 4|z e G =
r e G|z m '(Ié

@ [Fle 6= ko= & <[Toal)~ voboy to o’




PO/VC Rule of Invariant Preservation

bevie ML_on /TN

constants: d

variables: n

ZML_out

begin: (55

end y=n+l

axioms:
[axm0 1:deN|

invariants:

inv0_1:|ne Nl

inv02:n<d

|Axioms |

v|Invariants Satisfied at Pre-State

Guards of the Event

©_ J

/

Invariants Satisfied at Post-State,

ML_in
begin

7\£
n+l§\1/«)
ﬂ{—\éol




Lecture 13 - Oct. 24

Bridge Controller

Proof Obligation of Inv. Preservation
Inference Rule: Syntax and Semantics



Announcements/Reminders

e ProgTestl & WT1 results to be released next Monday.
® Lab4 released (ProgTest2 on November 6)
+ Try to complete Part 1 ASAP.
+ Follow the proof steps in Part 2 & collect questions.
+ Scheduled lab session on|October 3d.

:( Vowo «=)t L Tavt?
- 4&f-



neafaotdr ponditdny

PO/VYC|Rule of Invariant Preservation

L_ont

constants: d variables: n

invariants:
i :heN

axioms:
axm0_1

Axioms

Invarwan(s)Satistied at Fre-State
Guards of the ‘Event

- YV
Invariants Satisfied at!Post}State

; PREE,
e NA N<p|

Nt EN A nel <ol



<>
PO/VC Rule of Invariant Preservation: Components

' Vz=<N> Y= il
<d> A= <> | yo Zatl>
d variables: @44]7 < n:=ln+1 E( N7, 4’-/&0?
A< )=<oam0_1 > N>z M+ |
axiomls: invariants:
axm01:deN inv0 1):neN
inv0 2:n<d,
Aoz

@lisf of constants G@, @: guards of an events
/B(c]: list of axioms <> &>
ﬁm’@and@ variables in pre- and post-state  ((E(C, AC AR AL
ool ol ARE)
-
4 I(c, v); list of invariants -%p}o'(' E(c, v):|BAP of an events actions







PO/VC Rule of Invariant Preservation: Sequents

constants: d variables: n

axioms: invariants:

axm01:deN inVOE': neN-:.

inv0l2l: n<d .

Q How many PO/VC rules for model m0?

¥ w«g! o ome pefs ¢ Moot o ML= (2> Mot bgnﬁpm
X¥ Jome et (ke - m)_| o mwl_2 (2 w0y,

Total # of YO . 22 =0l Goww.-V3g2 47 —



W _act /im0 )/j

0. rS welateol o

whetsr or viot t2k ﬁ
a state teasTEN of
ok U okt o
;wféa.«/e/ wmentar  fav@_ |



PO/VC Rule of Invariant Preservation: Sequents

A(c)

constants: d variables: n E I ( C, V)
axioms: invariants: |GZ C, V>

axm01:deN ::‘\:ﬁzzlj in- -

tXc, E(c, v))
ol Meot/m0 (Y Tov 162 Hi_ont/am0_G) TV

deA den
ne nen Lrecwe - F63
e Ne<
AEN 2.0 |

N\ N+



Inference Rule: Syntax and Semantics

Twe .

n

A
K
U’*%l:;xam_ples

Hi &

dow
Hi, Hz F & ,,;,‘Wm%{, s affeed to pal

He =&



Lecture 14 - Oct. 29
Bridge Controller

Inference Rules: Proof Steps
Interpreting Unprovable Sequents



Announcements/Reminders

e ProgTestl & WT1 results released
® Lab4 released (ProgTest2 on November 6)
+ Scheduled lab session on October 30.



Inference Rule: Syntax and Semantics

¢
! >( = Tw.
M‘Ketg ot’ Q
(D

2 Q. What does it mean when(AJis empty/absent?
Wgﬁ T L P oS TMP (We&d?)l thf Ve y
(O

C .
o [« o ttor) 7
AExamples 7o poVe the 0«44&5’3&4{? [Z/—l L,‘M’o?)
¢%J i 4 AA#TNM{’ o Fme the 4Atet OOIME' La(ﬂ%—

)‘ll F& ,@
Hi, Hz F & ./V";-W""’%{- s affeed to pal

&MAN(? hy)prhe{eé He é\(




H>G



Proof of Sequent: Steps and Structure

Outstanding Sequent to Prove Known Inference Rules

ML_out/invO_1/INV

P2

neN) - n+1¢N

X Aok the ol FVPAI’WP
o Po./p_ . Vwhat of fhe
eleat Veaeblos?
ot petests o et ?




|1

G




Understanding Inference Rule: OR_L

oR_L

01 Res 0R_L help o :

@ it o Pouet  to o
By Lombmb #wo {%um@ ilo of



Example Inference Rules HP-R HO-R

HPvQ+ R

&N

0<.n|— n—.1eN

H1 - G
H1,H2 - G

MON




OR_R2
H+ PvQRy -

oR_K

0K Kz

—UTL‘

o =




Discharging POs of original mO: Invariant Preservation

ML_out/invO_1/INV invO_1/INV | P onm
deN E‘[ ﬂe, deN Hi - G
neN neN /[(_N/ p | Hrer s Mo
n<d n<d Man| |- 10 (W

o I_‘,\TMM DEC

n+1eN

n-1eN

%ﬂé‘q‘nNn1N ‘

mﬁ"“ G el bt
O'F L{L "Aﬁfo'fho*f
deN deN e eXin &K
neN neN faN wAde th
n<d n<d 996 PD\/RI.;JP
= -

n+1Sd n_‘lgd




D
w a/cf/nJo_ | [T/
I
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@

eoyw?

\MFDM
smss:




Lecture 15 - Oct. 31
Bridge Controller

Revising MO: Adding Event Guards
Re-Generating/Re-Proving PO Sequents



Announcements/Reminders

e Lab4 due tomorrow at noon
¢ ProgTest2 next Wednesday, November 6



% |7l.<.o\ Fv-l<d

Discharging POs of original mO: Invariant Preservation

ML_out/invO_1/INV

deN
neN
n<d
=

r2

x‘(hﬂ»ﬂﬁ@%&

hﬂbthe:es.

Mol

n+1eN

NeA
l_.
| e

V2

ML _out/inv0_2/INV,
/7

pgdeN

neN A4d

Agd  |don| et

R neld | w
n+1<d

4o

'ML_inl/invO_1/INV |
(NV=CITY

deN
neN
n<d

Jﬁ%ﬁd

n-1eN

‘d . ML _in/invO_2/INV

»U
ﬂ“‘l
i

deN
neN
n<d

|_
n—1@d

|
Y[G H1,H;FGG MON
Max| |- r)y @) | V’“bue
ﬂ [GN‘\ DEC
ahm— ] B
e -
2l e gm( Anda%z
X ;j’ L{L_(t/\.., %) thof
¢ eitia [ 43
A ‘jéﬁ P wade th
ART nso{ ;93 PWNJP
7% | et R_R | -
;c% L Vyp-(=d | nen) - -l<ol | ol
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PO/VC Rule of Invariant Preservation: Revised MO

A(c)
constants: d variables: n I (07 V)
axioms: invariants: 6(07 V)
xmo-1sden 0.2, ns d -
/,'(C, E(c, V))

Q. How many PO/VC rules for model mo0? | &



Discharging POs of revised mO: Invariant Preservation

ML_out/invO_1/INV 58

deN
neN
n<d
n<d

=
n+1eN

ML_out/invO_2/INV

deN
nelN

fd
Nl <

w(

deN
neN
n<d
n>0

=
n-1eN

ML_in/invO_1/INV

Ns>9
il
A-leA

deN
neN
n<d
n>0
=

n-1<d

b




Discharging PO of DLF: Second Attempt

H1 - G
MON
H1, H2 - G

HP+R H,Q+ R

HPvQ+ R

,—;’ko( vis0

OR_L

1@

-
rl<d v A>0

HYP
AP = P
H+ P Hr Q
OR_R1 OR_R2
Hr PvQ H- PvQ
N< <d
OR’L Ol oid_Rll ~
l Vl<[7‘
(‘,4 ;b\/vlm

-

}_
»’l<o(v V>0




Lecture 16 - Nov. 5
Bridge Controller

Invariant Establishment
Deadlock Freedom



Announcements/Reminders

e ProgTest2 tomorrow



Initializing_the System

Analogy to Induction: Analogy to Induction:
Base Cases = Esfabllshlnq Invarlan’rs Inductive Cases = Preserving Invariants

10 Yl? (ﬂ{ YOS} ,{/\?&. VC_g)@?r‘_ﬂ) [ML_out

The Initialization Event

m my &gt flﬁ{' {I’MU Island
b APdC 7f(a)c?a+/a3 and

A /5 y) j'!/“ bridge
we FD%{E ne 1€
W(—ﬂ “\@/”‘”M O aptLpel




constants: d variables: n

K(c) effect of inits actions

axm01:deN invOi| neN ,

axioms: [ i“"ariajri:tF : vl = K(c): BAP of init's actions

inv0

:n<d
v

! it Gt fer on
: YP'F Lot ("_1,? ’l/).
Rule of Invariant Establishment MExercuse |

Ir
L e;{do Generate $equenfs from the INV rule.
A(C)] 5 B3

I:_\/;assﬂ INV l\m‘t/m/O, /mv\\ wit/wy 02 / Twy
‘ Dle' ./Q M d S N
C? K(c)) l\—/ 7 \\\‘_/7\
e N "2 d
#0754 0EN “o<d




Discharging PO of Invariant Establishment

deN Pk

- 1nit/inv0_1/INV

0eN Hon - 1
0€A

wel . % 0[ Hi - G
o
init/inv0_2/INV  }%




Em{(j@ ontollar - Kearrmve Sested

L, | thaes alosfs at bast one

it onabhd Jor the sz{;fpm fo ppess

(/ | | y10 ‘*’ﬁﬁfm\

W'AttPWL’e peadllotk BA,& 0 0O+
b (o) A6 T dbrlbek concltan |
7 (Gt v B
Bt ) v b () U decolbe Feethon A




ok erchloviss @ prp- SRR

po Ru le: Dead IOCK Frele dom REQ4 Once started, the system should work for ever.

constants: d variables: n

axioms: invariants:
inv01fneN
inv0 2fn<d
v
A(c oM o c: list of constants (d)
( ) aff o A(c): list of axioms (axmO0_1)
RC, V; M\/ﬁﬂMfS DLF o vand v list of variables in pre- and post-states v=(n), v = (n)
— _l,_ o I(c,v): list of invariants (inv0_1,inv0_2)
‘ 4 o G(c,v): the event’s guard
v1Gi(c, V) v---v Gplc, V) Mf G((d), (n)) of ML.out = n<d, G((d),(n)) of ML.in = n>0
Jroeoo!

. (1) 1)
Exercise: Generate Sequent from the DLF rule. 1) - o0 | Tost-stafe

d €N el (B4

. X
ne AN -
( WIS, SR A A, o 7 Ve
NS Moty G ) o ©




T tuf
Example Inference Rules | Jf»

H(F),E=F + P(F)

,@\: F +

H(E),E=F +~

P(E)

H(ENE-E -

P(E)




Discharging PO of DLF: First Attempt

H1 +

G

H1,H2 - G

deN
neN
n<d

—
n<dvn>0

deN

neN
n<dvn=d
=
n<dvn>0

MON

n<dvn=d
'_
n<dvn>0

OR_L

H,P+ R

HQ+rR

MON

n<d
'_

n<dvF:a

LR
=d

n
'_
n<dvn>0

HPvQ+ R

ot

n<d
ORR1| -

h<d|

OR_L

‘;(cd vd>o

HYP (n

EQ_LR,MON

P

d<dvd>0

ORR2| ?
da>0



Lecture 17 - Nov. 7
Bridge Controller

Interpreting Unprovable DLF PO
First Refinement: Abstraction, State Space



Announcements/Reminders

® ProgTest2 results to be released by Monday, Nov 18
e Lab5 to be released on Friday, Nov 15
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Understanding the Failed Proof on DLF

constants: d variables: n

ML_out

Mainland

ML_in

Island Y
’ and
axioms: invariants: b )
axm0.14deN inv01:neN
¢\ g ino2:n<d

Unprovable Sequent: -d >0 l-a L 0<0 v 0>0
7 vsv v V2=

Aot Le@a oo pove ol >0 E@*ﬂa )
Ly ot wopll m7/ Volete Tt - :}LQLZ:Q? % TwP. ﬂg \

Sy =0/ 0 <o pres
3(4%(7«\?% N=@Q ‘@ den 7o) Tt

0 .
LECEN | B [0l dosed b oot wcel

|



Discharging PO of DLF: Second Attempt

neN
n<d
l_

deN 0
<d7\;

n<dvn>0

deN
>0
neN<0(

n<dvn=d
l_
n<dvn>0

MON

d>a

n<dvn=d
I_
n<dvn>0

h<d
l_
n<dvn>0

>0

=
|_
n<dvn>0

n<d
I_
n<d

EQ LR, MON




Summary of the Initial Model: Provably Correct
ettt ohinewitt

constants: d variables: n

axioms: invariants:
axm01:deN inv01:neN
|axm02 8o i) inv02:n<d

| [ [ [ [ [ [ [
). gCo‘rr‘ec’rness Criteria: i
+ Invariant Establishment
"+ Invariant Preservation =

+ Deadlock Freedom
1 1 1 1 1 1 1

]

I I I



Bridge Controller: Abstraction in the 1st Refinement

old ",
" 5 -
Mie«‘”)’ M??P

second, more concrete

fsland . ‘[fm% Jghe sl

a&ffd\fm/
C'wa‘}/

L

REQ1

REQS3 The bridge is one-way or the other, not both at the same time.

The system is controlling cars on a bridge connecting the mainland to an island.







4 a=0 VvV (=0

= 1(Aa+0 N (o

Bridge Controller: State Space of the 1st Refinement

REQ1 The system is controlling cars on a bridge connecting the mainland to an island.
REQ3

Dynamic Part of Model\\\

The bridge is one-way

or the other, not both at the same time.

\

variables:

a,b,c

\/‘A\Lffd / 3‘“:,@”&4/ inv1 5:

Static Part of Model

constants:

d

invariants: \\
invi1:2e¢eN !
invi2:beN | aybkb
inv1_3:ceN/:),{\” 0
_—inv1_4|: L 10 J t
22 )RT * W
& > \ﬁ“ W
Exercises " d v dsbh.t
oS invl_4: linking abstract & concrete states
axm0.1:deN

axm02:d>0

invl_5: bridge is one-way




Bridge Controller: Guards of “old” Events 1st Refinement

constants:

d

axioms:
axm01:deN
axm02:d>0

variables:

ab,c

ML_out: A car exits mainland

(qe’rhnq on the bridge).

ML.out — Qbsist N«/‘M Uo }

acal

o>Fm« b(o ﬂkmf

<
é‘ /’.1//- AZ;;tZ o

<At -
A‘ +1,+(' =)

$ A < ol | ML_in: A car entefs mainland

A+b+

-

invariants:
invii1:a¢eN
invi2:beN
invi 3:ceN

invi 4:

a+b+c=n

invi 5:

a=0ve=0

s

ML_in
when
??
then

end

ci=c-1

(getting off the bridge).



Lecture 18 - Nov. 12
Bridge Controller
Abstract vs. Concrete Transitions

Predicates: Stronger vs. Weaker
Why Guard Strengthening?



Announcements/Reminders

® ProgTest2 results to be released by Monday, Nov 18
e Guide to be released for WrittenTest2 on Wednesday
® No scheduled lab session tomorrow.



Bridge Controller: Guards of “old” Events 1st Refinement

ML_out: A car exits mainland

(qe’rhnq on the bridge). ﬁ)

ML out 75 Qs NJ‘W‘ o A
When ¢-16 o)Fm b(o Alstoce

?2?
e z; L out : vied]

2 o hlr gsf £
2. — <
axioms: ﬁ*b/' o /4\"’1’*(' jg@
constants: d gimg; Z i1§ $ A < ol | ML_in: A car entefs mainland

A+b+t (geﬁmg off the bridge).

]
invariants: MLin  —4=6- Q. Is 7€ netesa
invi1:3¢N .C>0 to ad & NBA)
variables: a,b,c invli2:beN QM "“A=0" 7
invi3:ceN then 0 ; >'O
invid: a+b+c=n c:=c—1 -
nvi5: a=0vc=0 end W/AFOVC—O
/




States, Invariants, Events: Abstract vs. Concrete

constants: d

axioms:
B axm01:deN
- axm02:d>0

Abstract mO

variables: (n ML out Bgﬁﬁé ML in
when N t5 when
n<d n>0
e then then
inv01:ne¢
I n:=n+1 n:i=n-1
inv02:n<d ahdl ond
' Concrete m1l
variables: a,b,c ML _out L\O/lbfe .
| when ML—':
invariants: a+b<dR ] when
invii1:aeN c=0 c>0
invi2:beN then 5 then
inv1_3:ceI\L a:=a+1 c:=c-1
invi4: a+b+c=n
end
invi5: a=0vc=0 end

J’;AP”{




&mf{d&( . <tk 5 ML_out A >

Bridge Controller: Abstract vs. Concrete State Transitions

Abstract mO

d=2 7
n initialized to O
T 1T 1T 1] |

variables: n ML out ML.in
when when
n<d n>0

invariants: then then

0T ol n:=n+1 n:=n-1

inv02:n<d end end

ML_out o el A JSa 7 117 m o 7]

Island

and Mainland
bridge

ML_in
Concrete ml
variables: a,b,c ML _out VL
when -n
invariants: a+b<d when

invid1:aeN c=0 c>0
inV1 2: b eN then thel‘l
invi3:ceN a:=a+1 c:=c-1
invid: a+b+c=n-
Invis5: a=0vc=0 end end

O O o8 o
o n
[ T TR T}

Scenario
- car leaving ML
- car entering ML

a, b, ¢ initialized to O



Before-After Predicates of Event Actions: 1st Refinement

Lonpeete

Events

Before—after

predicates

ML in
when
O0<ec
then

c:=c—1

end L

W‘ 5 ,
Oo‘wf‘“y Bt '

ML out
when
a+b<d
c=0
then

a:=a+1

end (\_

ad=a+1 ANV=0bA

d=c

- Pre-State

- Post-State
- Sate Transition



PO Rule of Invariant Preservation in Refinement: Components

& (<d>-, <ﬁ.,l>,£>)
Abstract mO /&((d>9 <ﬂ>> = YI<D{ Concrete m1l ﬁ ).] 2 A+b<0{ A Z; 0

]

i v . variables: |a,b,c
variables: n ML out ML_in ML in
when when Whe _h
n<d n>0 invariants: a+b<d w enO
invariants: then then invi1:3¢eN c=0 c>
inv01:neN invli 2: beN t then
n:=jn+1 i=n- : ‘
inv0_2;ngd d n:=n-1 invi3:ceN a-ati c:i=c-1
en end invid: a+b+c=n eh end
uﬂ P invi5: a=0vc=0
Ve <n> W' 2 < A >

Mi
W2 2A,b,t> w'e <X, ID t'S

v and v': abstract variables in pre-/post-states

G(c, v): an abstract events guards
@and(} concrete variables in pre-/post-states  H(c, w): a concrete events guards
WMS

10Q)° Ils’r oF abstriict invariants
(W): list of concrete invariants

k-

NeY9d

@ an abstract events effect
|F(c, §)| a concrete event's effect
E(cd>, < o w_odft: <1+1>

F (<O, sbat ) o ML _adt: <.+, b,
el Jed>, <5, < bt N2 <l L, -~-, ol &> XN




?feolmte_s - }\)ealce« 1. SWO/QZ}B/

Pi% "Sﬁ"ﬁm @
> P 1 e n

Ls %_ s e/ +tho P
F@O =|X>0 Sots w ’V&)d%
%(X)% A7 0 _[( - 3 { [
2 | peos| € 1% ] 4%
P = %(70

%(70’% PR
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]Zel\mw/\{' W Guad SBJMQHI
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SannE N 4 a cowa/ef@ toaseron  eubled

d d e Dorrespond alysb«ayzcz%m e
%Mv @\m’ lwanrm aAaUeA A5 AB

?ﬁﬂcqzle; Q vg[m#mtl & lo%d'm«/ 5hou[ol ‘J(? LonsStstent /1)'0‘/( ﬂew édwa,
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PO/VC Rule

of Guard Strengthening: Sequents

Abstract moO

variables: n ML out ML_in
wheh— when
n<d n>0
in\_lari;r.:ts: - t then
inv01:ne
. n:=n+1 n:=n-1
inv02:n<d ahd ond
Concrete ml
variables: a,b,c ML _out .
when ML.in
invariants: a+b<d when
invi1:2¢N c=0 c>0
invi2:beN then then
!nv:.i:cdi a=a+1 c:=c-—1
invid: a+b+c=n
inv15: a=0vc=0 end end

Q. How many PO/VC rules for model m1?

ol

d>0 pam0_2
Ylg zzvo_l
L O+h <=1
ceﬁ A=0v (=0
a+b<o (=0

8 o et gunds



Lecture 19 - Nov. 14
Bridge Controller

Discharging Guard Strengthening POs
Invariant Preservation: Concrete Events
Commuting Diagram: Simulation

New Events: IL in, IL out



Announcements/Reminders

e Lab5 to be released on by next Tuesday's class (Nov 19)
(due on Tuesday, December 3)

e WrittenTest2 next Wednesday, November 20
+ Guide
+ Practice Questions

e Bonus Opportunity coming: Formal Course Evaluation



Discharging POs of ml: Guard Strengthening in Refinement

ML_out/GRD

H1 - G

d € N Aﬂw’,
d>0

neN k‘;s‘flﬁl.{’
n<d|l T
aeN

[oh- |[beN

ﬂ¢ ceN
a+b+c=n
a=0ve=0

Pk |[@avb<d

ﬁtw‘c:o

|_

H1,H2 v G

H,P + P

H(F),E=F + P(F)

H(E)aE:F'_ P(E)

Ath+0 =1
,A+L<d

n<d

Otb*0 =
7 24b=n

_n<d

P

EQ_LR

ne d
neol

Hw



Discharging POs of ml: Guard Strengthening in Refinement

: ] /
ML_in/GRD MG oN HYP FALSE L

H1,H2 - G HP+ P 1+~ P

deN
d>0 IR y;l-yo H(F),E=F + P(F) EQ'—TJ HP-R HQ-R
HEN g H(E),E=F - P(E) HPvQ +~ R /1
n<d Ll.‘(P N o C
aen Gt o AWy
beN Y 4=0  fain| t-o I 2
ceN Mﬂ:\) A.(,b .[—(‘ _.._/\ - }_/l >0 Fﬂ?o Y1>9
a+b+c=n A=0 v (=0 oR_|, L1=e *
a=0vec=0 : 0 béN (=0A(>0
- - =0 |ugn| (>0 Y L
i N >0 >0 - - |Fet.

|7|>0 1 >0 Nn>0 4




Jor porcete &uts

PO/VC Rule of |Invariant

Preservation; Sequents

Abstract m0 ¥ N« L'+ V=v’

variables: n ML out ML.in I(c, V) okst. T
when when [J(cC, v, w)|tnt. 1.
] ] n<d n>0
b then then
o ne . .
:::02 n<d ';'"n_1
enda V\ :(\—e [ en / |
/
Concrete m1¥¥ 0=0v¢/=0
variables: a,b,c . .
g ML_out .
when ML.in

invariants: a+b<d , hcpno
i 11 eN = 0 M - >
::x1 Z eN thgn ‘;L. then %GCND(
invil3|lceN — ’ =c—1 < -
w13 o) #7b " AT deNbed bl Aen bed) LN
inv1}s |[E=0ve=T A=l p | -

fERret. Oib+C =N Qtb+l =N
2005 ¥ S M. =050y (=0 A=0v (=0
a+b< C >0
Q. How many PO/VC rules for model m1?| +_, =

I'-s'e IZA-(-I) thel=nt (| #%¥[ 4s0 v {-1=7]




Visualizing Invariant Preservation in Refinement

ML-out
Each concrete state transition (from w to w')

should be simulated by UL o

an abstract state transition (from v to v') obst
a\,« U‘ a / lﬂl/d‘r(dq*f
. P ’ PS'&/
gt /65) Abstract event eff ,® P
G(c,v) o7 X Lot [y'= E(c,v)
I / > \\ : o Of
abﬂ”“ﬁ | ! \ | ot SEEL
-8 .' 1 At 1
YI : 14h 147"“ '
- J(e,v,w) | L"d/ K J(c,v' W)
A 'VA'OXV ~SH N g /)
ol i A % \ ty K o $
07/\%'«&(0 Doll. WA Concrete event bodeston 7/
| H(c,w) @ # W= F(c,w) || Lot
Treteolt oSt st



Discharging POs of m1: Invariant Preservation in Refinement

ML_out/invl_4/INV H L G
MON EQ

H1,H2 v G P+~ E=E

deN

d>0 H(F),E=F + P(F)

neN EQLR
B ] H(E),E=F + P(E)

aeN

beN

ceN

a+b+c=n
g=0ve=10

at+b<d

c=0

-
(a+1)+b+c=(n+1)




Discharging POs of m1: Invariant Preservation in Refinement

ML |n/|nVI S/INV -_ H 2
FALSE_L OR_R1
H1, H2 - G H+~ PvQ

deN
d>0
neN
n<d
aeN
beN
ceN
a+b+c=n
a=0ve=0
c>0

=

a=0v(c-1)=0

H(F),E=F ~ P(F) HP+-R HQ+R
EQLR ORLL
H(E),E=F ~ P(E) H,PvQ +~ R

HYP

H,P + P




PO of Invariant Establishment in Refinement

constants: d ’

variables: a,b,c

axioms:
axm01:deN
axm02:d>0

Rule of Invariant Establishment

invariants:
invii1:a¢eN
invi2:beN
invi3:ceN
invid: a+b+c=n
invi5: a=0vec=0

Components

K(c): effect of abstract init

L(c): effect of concrete init

I
o O o

Exercise:

A(c)

|_

Ji(c, K(c), L(c))

Generate Sequents from the INV rule.




Discharging PO of Invariant Establishment in Refinement

H1 - G

d = N H1,H2 - G MON
d>0 init/invI4/INV

~ o TRUE_.R
0+0+0=0

init/invl _S/INV




Lvexts

ML _ont
jjo UL «TA) A)ff it

elaes

ML-

U1 ML_oa€> Lorl. EJents

UM i:V'B’\'ts - Dem 3 Il_Ovtt



Bridge Controller: Guarded Actions of "new” Events in 1st Refinement

constants:

d

axioms:
axm01:deN
axm02:d>0

variables:

ab,c

invariants:
invii1:a¢eN
invi2:beN
invi3:ceN
invid: a+b+c=n
invi5: a=0vc=0

IL_in: A car enters island

(getting off the bridge).

IL_in
when

end

O A4>o
@ (=0

e &::&—'
thé)/» L)

IL_out: A car exits island

(getting on the bridge).

IL_out
when

then

end

(9570
//@)420

G4 b:ib-|

C:=C=< I




Before-After Predicates of Event Actions: 1st Refinement

IL_in
when
a>0
then
a=a-1
b:=b+1

end /

IL_out
when
b>0
a=0
then

b:=b-1
c:=c+1

end

!

0\/: L—|
= bt
/\ C/-’/C/

- Pre-State

- Post-State
- Sate Transition

Concrete State Space




Review Q & A - Nov. 17

Written Test 2

Bridge Controller Lecture
Practice Questions



V\<0{@»’l:o‘ - vicd v n>0

deN 4

n €N ﬂiﬁan;d
pn=<dVn=d)|(1)|F

F n<avn >0
n<dvVn>0

Each of Labels (1) to (7) denotes the justification for transforming the two neighboring sequents. Drag and drop
the appropriate inference rule; otherwise, drag and drop "NONE" to indicate that no rule can be used for the

transformation.

[
2

[OR

HYP]

6
7

(
(
(

.(4
(
(6): [MON]
(

) [
)
):
5):
):
):

[
[EQ_LR]
[

o

) D

[OR_R2]

(2) ¢

\

n<d@® n<d
F (3) |+ (4)
n>0
n=d@
F (5),(6)| (7| +
n<dvVvn>0 d<dvd>0 d>0




deN
neN
ned
I_

n-1eN

Men)

N €N
I
N-l €A

7

&L

N>

-
N-[ EA

ARL

N>0 v N0
L
N-| €N

You are required to attempt proving the above sequent, using the inference rules as listed here: https://
www.eecs.yorku.ca/~jackie/teaching/lectures/2022/W/EECS3342/notes/inference-rule-examples-1.pdf

¢ 1st inference rule to use (if applicable): [MON]
¢ 2nd inference rule to use (if applicable): [?]
¢ 3rd inference rule to use (if applicable): [n.a.]

e 4th inference rule to use (if applicable): [n.a.]

9)%. T1=lo choaly vt be chospa.

neN +~ 0<n

P3



Lecture 20 - Nov. 19

Bridge Controller

Concrete, New Events vs. Abstract skip
Livelock, Divergence

Invariant vs. Variant
Tracing of Abstract/Concrete Transitions



Announcements/Reminders

e Lab5 released (due on Tuesday, December 3)
e WrittenTest2 tomorrow
e Bonus Opportunity coming: Formal Course Evaluation



od eputs gl ved ebnds

PO/VC Rule of

Invariant Preserva'rion!: Sequents

Abstract mO

G+b etk

IL _in/

INV1_4/INV

g constants: d variables: n

i | axioms: invariants:

t axm01:/deN inv0_1ineN
axm02:/d>0 inv02in<d

Concrete m1l

variables: a,b,c IL in | IL out
when when
invariants: a>0 gi 8
invid:aeN then then_
invi 2:{beN a=a-1 b:=b-1
inv13: b:=b7¥1 ci=c+1
invi4 en end
invi5: a

Q. How many PO/VC rules for model m1?

a >0

IL_in/INV1_5/INV

#«w

(execse)

ets (2)

# INQ/T 2465 (€

= /0.



Discharging POs of ml: Invariant Preservation in Refinement

IL_in/invl_4/INV H v G
MmoN |l HYP

H1,H2 - G H,P + P

deN

d>0

neN

n<d
aeN

beN

ceN
a+b+c=n
a=0ve=0
a>0

=

(a-1)+(b+1)+c=n




Discharging POs of m1: Invariant Preservation in Refinement

ML |n/|nVI S/INV -_ - Q
FALSE_L OR_R2
H1 H2 - G F PvQ@Q

deN
d>0
neN
n<d
aeN
beN
ceN
a+b+c=n
a=0vec=0
a>0

=

(a-1)=0vec=0

H(F),E=F + P(F) HP+-R HQ+R
Tap.p P EQLR ORL
’ H(E),E=F ~ P(E) H,PvQ +~ R




nod Breqts : IL-m, TL _ouf . sttt oetz&'( o
Visualizing |Invariant Preserva’rlon| in Refinement 5’”7‘ '7

\ iy OB
Each new state transition (from w to w’) - oy
. W=/ | </ beain
should be simulated by
an abstract dummy state transition (from v to v’) B4J. end

Iv’

Abstract event

Gley)[v N v’ E(¢,v)
: 4k(’V' i '/
Yg;«tl J(c,v,w) Jcy' w) ?;lﬂs

TL-TA (ved et |

Co ,lcrete event

>

=)
=1
-

%M{;{J {’BS i)ﬂﬁl@f@ 7A(:§
a,[) S[ﬁ-, C) K‘“ ;
‘17( Es[fﬁem

zaeF
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Livelock Caused by New Events Diverging

An alternative m1 (for demonstration)

axioms: in\_lariants:
constants: d axm0.1:deN variables: a,b,c invil1:aecZ

d axm02:d>0 {9 invi2:beZ
3 on invi3:ceZ
Cgh s
A [ ] : ‘

| o -
' begin

a+b<d by egin
e=0 then a=a-1 b:=b-1
then b:=b+1 ci=c+1
ci=c-1
a=a+1 end end
end
end

5 ,5kT 5k7
Abgtett tanstamts ;1 < PIT'[', U2 out, 47f 7 5"‘f7 f 2 F

londiet® t/enstEols|: ¢ it Wb -out |TL_m, Lot
L FsSTUe ter M5 pobematr. L-m , D2 _odt) --




Tavaent  vs. Vevant
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- NM%{ holcl (aless eath eveat oamees
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e ek, HL_ott UL

/\/ 7, : (]
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Use of a Variant to Measure New

fixed

Events Converging

. ] v
variables: a,b,c ML out ML IL.in IL_out
when _In when wl';jen0
invariants: a+b<d when a>0 . i 0
invi1:aeN c=0 c>0 then then_
invi2:beN then then a=a-1 b:=b-1
!nV1_3ZCEN a:=a+1 c=c-1 b:=b+1 ci=c+1
invid4: a+b+c=n end end end end -~
invi5: a=0vec=0

Variants for New Events: 2 - a + b

variant: 2 -a + b

A
<init,|ML_out,|ML_out,|IL_in, |IL_in,|IL _out,|IL_out,|ML_in,|ML_in >16-
a=0 a=| a=2.a=| a=0 a=0 a=0 a=0 =032-.
b=0 b=0 b=0b=] b=2 b=| b=0b=0b=0t
AR IV N MR 72 7 %727

concrete events



Lecture 21 - Nov. 21
Bridge Controller

Proof Obligations of System Variant



Announcements/Reminders

e Lab5 released (due on Tuesday, December 3)

e WrittenTest2 results to be released on Wednesday
e Exam review sessions polling

e Bonus Opportunity coming: Formal Course Evaluation
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Use of a Variant to Measure New Events Converging

2

fixed

|

variables: a,b,c ML out _ IL.in IL_out
when ML_in when when
invariants: a+b<d when a>0 b>0
invi1:a¢N c=0 c>0 then thgn: °
invi2:peN then then a=a-1 b:i=b-1
!nv1_3:ceN a:=a+1 c:=c-1 b:=b+1 c;=c+1
invi4: a+b+c=n end end end ~— end —
invi5: a=0vc=0

ML —o1€

¥ Len that e steta), vale o U I fe ek wow aek & Jud?

variant: 2 -a + b

Variants for New Events: 2 - a + b A o5
te 3 o wtedeswed vau lents & ako Jurep. JWVD*
<init,|ML_out, |ML_out,|IL_in, |IL _in,|IL _out,|IL_out,|[ML_in,|ML_in|> ( ‘7 v R,MH f
%1 a4 sl
3
a=0 a=| a=2.a=|a=0 a=0 a=0 a=0 a=0p} ,.a%
b=0 b=0 b=0b=lb=2 b:l b:O b:Ob-_-O’- e\?/ﬂfﬂﬁ
c=0 ¢=0 ¢c=0¢c¢=0c=0 c=| c=2.c=|. c-@= '7‘0
v=0 v=2 v=yv=3v=2 v=| v=(v=pv=°"™
y 'f \/ \/ “/ l/ - qimd Il/7/ O concrete events

i
¥ ¥




PO of Convergence/Non-Divergence/Livelock Freedom

Variant Stays INon=Negative yarianis F:; New Events: 2 - a + b
¥ w'<

Z:Fa’iuNf:T ‘2.0\/-(-17/4 Qa'(‘I?
gt 18N BIBME 413 0 variant: V(c, w)

neN oaed bedcen & >0 M’;S

- - - _ =fA . ) \
Nne< 0{ Q=0 v [0 Otbtl:n ,U"([\, A% )/
A New Event Occurrence(Decreases Variant 2| Al 4]
[L_/VAR ——iit]
aA/a | | | | | L| | | 1 )
NaS e 7 yalap occurrences of
VAR g-LvZ[\HH APOI@%?U{. new events
17

NeN el bedcey A>0 |

N<o A=t v L0 aebtl:n
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Example Inference Rules

@ Fvéd
= % FE ‘1‘!?3
H/-P + Q ORR )-] = '161F)v g—
H+ PvQ 5{'7:;831?"@3
H

\/
Jh
o
)
N

il Ol AND L A_Kﬁ‘? i %

H,PAQ - R

H+ P Hr- Q
H+- PAQ

AND R
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Lecture 22 - Nov. 26
Bridge Controller

Relative Deadlock Freedom
2nd Refinement: Variables & Invariants

Exam Info



Announcements/Reminders

e Lab5 released (due on Tuesday, December 3)
e WrittenTest2 results to be released tomorrow
e Exam review sessions polling
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PO of Relative Deadlock Freedom

Abstract mO

variables: n ML out ML.in
when when
o n<d n>0
|n\_lar|(-;1r1|ts: . then shen
inv01:ne
; n:=n+1 n:i=n-1
inv02:n<d aiid onid
Concrete ml
variables: a,b,c ML _out L
when I/ -In V4
invariants: T <0 when
invil:aeN c>0
invi2:beN the then
invi3:ceN 2= a+1 ci=c-1
invid: a+b+c=n
invi5: a=0vec=0 end end
IL.in IL_out
" L
E
then then
as= s bi=b-1
b:=b+1 c:=c+1
end end

t=0)
n<ol v ,_"
Nn>0 ([>0>
vV
\[/£> o)
=0



Discharging POs of ml: Relative Deadlock Freedom

o T
MON EQ.LR

H1,H2 + G H(E),E=F +~ P(E)

deN

a>o0

neN

n<d

aeN

beN

ceN

a+b+c=n

a=0ve=0

n<dvn>0

-
a+b<dac=0

v ¢>0

v a>0

v b>0ara=0




Discharging POs of ml: Relative Deadlock Freedom

H P+ R HQ+R

HPvQ+ R

H+ P H+ Q

d>0
b=0vb>0
=

b = d n0'=0

v b>0A0=0

H+- PAQ

ORLL

AND_R

H+ P

Hr PvQ

H+ Q
Hr+ PvQ

OR_R1

OR_R2

P+ E=E

EQ

HP+~P

HYP




Initial Model and 1st Refinement:

Provably Correct

ML out
when
A Abstract mO
constants: d variables: n n:=n+1
init end
begin
axioms: invariants: n:=0
axm0.1:deN inv01:neN end ML._in
axm02:d>0 inv02:n<d when
n>0
then
n:=n-1
end
Concrete ml
IL.in
ML out "\ when
. [P variables: a,b,c when a>0
Correctness Criteria: 8t har
- c= a=a-1
+ GUGI’d Sh'.engfhemng constaniss: d invariants: init then b:=b+1
i 1 ) invii:3¢N g - 1 d
+ Invariant Establishment 2. heN begin . en
o q . invi3:ceN o
+ Invariant Preservation axoma: Ty Wy S g0 IL out
= invi5: a=0vc=0 o ML.in when
+ Convergence axmi-2:d> 0 il when b>0
Em variants: th:n> . thean: ¢
2-a+b ci=c-1 b:=b-1
end c:=c+1
1 end




Bridge Controller: Abstraction in the 2nd Refinement

ENVA The system is equipped with two traffic lights with two colors: green and red.

ENV2 The traffic lights control the entrance to the bridge at both ends of it.

Cars are not supposed to pass on a red traffic light, only on a green one.

Lowertass & refaamant

[ . est. X peseriotza 4 %;

more abstract than ml

m2:
more concrete
than ml




Bridge Controller: State Space of the 2nd Refinement

ENV1 | The system is equipped with two traffic lights with two colors: green and red. I‘* NL# WQ‘{' a + L d ?
ENV2 The traffic lights control the entrance to the bridge at both ends of it.

ENV3 | Cars are not supposed to pass on a red traffic light, only on a green one. |
[ ]
Dynamic Part of Model

ml_tl
ol invariants:
variapbies: inv2_1: mi_tl e COLOUR
a,/b;/c inv2.2: il .tl e COLOUR ( MAINLATD
mi_

inv23: 22ml_tl=
inv24: 2270 _¢f =

Static Part of Model > l/>\q>0

sets: COLOR constants: red, green k=0

il_tl

axioms: Exercises
axm2.1: COLOR = {green, red} inv2_3: being allowed to exit ML jmeans|limited carno crash
axm2_2: green + red |

inv2_4: being allowed tfo exit IL[means ome car in IL(&)no crash



Exam Info

- When: 7pm to 10pm, Sunday, December 15

- Where: TC Sobeys

- Coverage: Everything (lecture materials & labs)
+ slides, iPad notes

- Format: Mostly Written A,{ﬁfi,
+ explana’rlons/Jus’rlﬁca’rlons ASCL— vt
+ write math expressions {"M }\0 ot -
+ calculations, proofs - 4 W fﬁp(@;‘ v % ,,/ /

- Restrictions: ho

+ One-sided, [computer- ’rypedl min 10pt data sheet
+ No sketch paper (Exam booklet includes it)
+ No calculator Ly - fuesti bool(/ef
_ What you should bring: ~ 415wér beolfet
+ Valid, Physical Photo ID (strict)
+ Water/Snack




Lecture 23 - Nov. 28
Bridge Controller

2nd Refinement: Splitting Guards
Adding Invariant to Prove INV



Announcements/Reminders

e Lab5 released (due on Tuesday, December 3)
¢ WrittenTest2 results released
e Exam review sessions polling
e Data Sheet:
+ Hand-Writing & Screenshots allowed
+ Font size requirement: > 10pt



Bridge Controller: "Old” and "New” Events

iy © cd @

M g
il f:/ﬁzlr—y oheds

Single Car Travel:

—> Hé«fe; ,,gd.

A

init;

-odf

Aba b oo puputy v zbls

L de/BfS

houdel vt 40005 thew vAes

L te_ ot \ v shouald ol Lo
T out/ forcameed ok

taffe l—ﬁkee ocfous.

70 %0

MAINLAND (Dml_’rl_green,%\L_ou’r,

IL_in,
(@A1_t1_green, IL_out, ML_in>
Zﬂl MZ 0(
It v »£ 3— b 2

20 pabed %
+5 <0 e £
Al & eﬁ/\,ee,ddﬂ



Bridge Controller: Guards of “old” Events 2nd Refinement

sets: COLOR constants: red, green M BJM
axioms: X(A’O
axm2_1: COLOR = {green, red} £P
axm2_2: green + red ﬂ$ DUQ 2
Z g

variables:
a,b,c
mi_t/
il_tl

invariants:

inv2_1: mi_tl« COLOUR

inv2.2: il_tle COLOUR

inv2.3: mi_tl=green=a+b<dac=0
inv24: i/ tl=green=b>0ra=0

K

ML_out: A car exits mainland
(getting onto the bridge).

(%OF”D
when

then
a=a+1
end

ol
méafp ’g

IL_out: A car exits island
(getting onto the bridge).
: Al
whe =
(22) TZ’f[ fif

then
b:=b-1
ci=c+1
end




Bridge Controller: Guards of "new” Events 2nd Refinement

MAINLAND

sets: COLOR

constants:

red, green

axioms:

axm2_1: COLOR = {green, red}

axm2_2: green + red

ML_tl_green:

turn the traffic light ml_tl to green

ML_tl_green

mi_tl := green
end

| Aosteott,

e 4 th <d
th (=0

mé-’r? = reo{

IL_tl_green:

variables:
a,b,c
mi_tl
il_tl

invariants:

inv2_1:
inv2_2:
inv2.3:
inv2.4:

mi_tl e COLOUR
il_tle COLOUR

ml_tl=green=a+b<dArc=0

iltl=green=b>0nra=0

turn the traffic light il_tl to green

IL_tl_green

then
il_tl := green
end

"y

O =0

LS4




PO/VC Rule of Invariant Preservation: Sequents

Abstract m1l A(c)
: I(c,v
variables: a,b,c ML _out L6 J(C’ )
when when (C7 v W)
invariants: a+b<d gf g H( C. W)
invi1:3¢eN c=0 h B
!nv:_g:beg then t Zr'l:b—1 [
invi3:ce o 1 - )
invid: a+b+c=n en?i' ar G= o1 JI(C? E(C7 V)’F(C7 W))
invi5: a=0vc=0 end
ML_out/inv2_4/INV
axm01 { deN
Concrete m2 axm02 { d>0
axm2.1 { COLOUR = {green, red}
axm2 2 } green # red
variables: ML _out IL_out !nv0,1 neN
a,b,c when when 0.2 4 psd
mi_tl il_tl = green invi1 oy ach
; ml_tl = green invi2 { beN
il_tl th then invi3 { ceN
en b:=b-1 invida { a+b+c=n
invariants: a=a+1 ci=c+1 invi5 { a=0vc=0
inv2_1: m/_t/e COLOUR end end inv2.1 { mi_tle COLOUR
inv22: jl_te COLOUR inv22 { il.tie COLOUR
inv23: mitl=green=>a+b<dnrc=0 inv23 { mitl=green=a+b<drc=0
inv2.4: il tl = green= b >0 alal 0 inv24 { il.tl=green=b>0ra=0

Concrete guards of ML_out { mi_tl = green
-
{ iltI=green=b>0n =0

Concrete invariant inv2_4
with ML_out’s effect in the post-state

Exercise: Specify IL_out/inv2_3/INV



Example Inference Rules

Uodus Buers
(prP=g0)> ¢
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Invariant Preservation

Discharging POs of m2:

deN

a>o0

COLOUR = {green, red}

green + red

neN

n<d

aeN

beN

ceN

a+b+c=n

a=0ve=0

mi_tle COLOUR

il-tle COLOUR
mi_tl=green=a+b<dac=0
il tl=green=b>0Aa=0
mi_tl = green

i
il_tI=green=b>0A(a+1)=0

MON

green + red
il -t/ =green=b>0ra=0
mi_tl = green

B
| iIAtI=greenF>b>0/\(a+1)=0

ML_out/inv2_4/INV

Quigioutp /U0

TueS)Fale =

IMP_R

=

gfem 2 red

wl _

0+ :%

Fals?

green + red reen + red
il,tl=green=>|z>0/\a=0| b>0ra=0
ml_tl = green mi_tl = green
il_tl = green — il_tl = green

[

b>0A(a+1)=0

-
b>0A(a+1)=0

AND L

First Attempt

green + red

il tl = green

H+P Hr Q H,P,Q+ R
ANDR jl————————— ANDL
H+ PAQ HPAQF+R
HP,Q+ R H P+ Q
IMPLJjl———— IMPR
H,P,P=Q + R H+ P=Q
green + red
b>0
a=0 SHOCKED
mi_tl = green |HYP
il _tl = green o U
- o
b>0
ml_tl = green AND R
green + red =
b>0 green + red green + red
b>0A(a+1)=0 a=0 EQLR mi_tl = green mi_tl = green
mi_tl = green M(_)N’ il_tl = green |ARI| il_tl = green |??
il _tl = green -
- (0+1)=0 1=0
(a+1)=0



Discharging POs of m2: Invariant Preservation

deN

d>0

COLOUR = {green, red}
green + red

neN

n<d

aeN

beN

ceN

a+b+c=n

a=0vec=0

mi_tl e COLOUR

il-tte COLOUR
mi_tl=green=a+b<dac=0
il_tI=green=b>0na=0
il_tl = green

.
ml_tl=green=a+(b-1)<da(c+1)=0

MON

green + red
mi_tl=green=a+b<dac=0
il_tl = green

.
mi_tl=green=a+(b-1)<da(c+1)=0

IL_out/inv2_3/INV

IMP_R

green + red green + red
mi_tl=green=a+b<dac=0 a+b<dac=0

il_tl = green IMP L il_tl = green AND L
mi_tl = green ml_tl = green

= =

a+(b-1)<da(c+1)=0 a+(b-1)<da(c+1)=0

First Attempt

H+P Hr Q H,P,Q+ R
ANDR jl————— ANDL
H+- PAQ H: PAQ+ R
HP,Q+ R H P+ Q
IMP_L IMP_R
HP,P=Q + R Hr P=>Q
green + red
a+b<d
c=0 a+b<d
il tl=green  |MON| + ARI SHOCKED
green + red mi_tl = green a+(b-1)<d
a+b<d [
c=0 a+(b-1)<d % Q
il_tl = green AND R
mi_tl = green green + red
- a+b<d green + red green + red
a+(b-1)<da(c+1)=0 c=0 EQLR il tl = green il tl = green <
iltl = green ~~ | mi_tl = green | ARI| mi_tl = green | 2?
MON
mi_tl = green - -
= 0+1)=0 1=0
(c+1)=0




eXQ/NfP{

. Fixed
Understanding the Failed Proof on INV 1A

I IL_out/inv2_3/INV I _l ML_out/ inv2_4:INY |
deN deN ‘
variables: ML _out IL_out a>0 a>0
a,b,c . when COLOUR = {green, red} COLOUR = {green, red}
n;/ ;‘[ when g green + red - | = green + red
_ il tl = green > =
: mi_tl = green g e A ¢ neN
il_tl then n<d [. =0 n<d
then bieb-1 aeN 50 2eN
T beN
invariants: a:=a+1 c:=c+1 GeN ‘/-Xl tg:g
inv2.1: ml/_tle COLOUR end end at+b+c=n m‘ aebaeEn
inv2.2: j/_.tfe COLOUR ajevé&?ouﬂ c:o . H/a:OVC:O
inv2.3: mitl=green=a+b<dnrc=0 i d e
inv2 4: il,tl=green=>b>0/\a:0 mi_tl = green=>a+b < d c:OI n;l,tl=green=>a+b<d/\c=0
T =green=Db>0Aa= il_tl = green=b>0Ara=0
il_tl = green mi_tl = green
5 =
mi_tl = green=a+(b-1)<da(c+1)=0 iltl = green=b >0 (a+1) =0

MAINLAND

Unprovable Sequent:

green # red
|l_1'l = gr‘een ( init , ML_tl_green ML _out 5 IL_in | [IL_tl_green |, | IL_out 5 ML _out )
- d=2 d=2 d=2 d=2 d=2 d=2 Pd=2
ml_tl = green e e o3 e i e s
b=0 -0 b =0 b =1 b - Vb= b =0
c'=0 =0 c¢'=0 c'=0 ¢ c’' = c'=1
mltl'=red mit=green mi-tI' =green ml_il' = green It = green'| | m/_tl = green | mi_t = green
iltl" = red it = red il_tI" = red iltl" = red % il_tI" = green il-tI" = green
_




Fixing m2: Adding_an Invariant

The bridge is one-way or the other, not both at the same time.

ML_out/inv2_4/INV

Abstract m1l
variables: a,b,c ML _out IL_out
when when
invariants: a+b<d b 8
invii1:a¢eN c=0 tha_
invi2:beN then Z’T_ B
invi3:ceN 2:=a+1 g
invid: a+b+c=n end c=Cc+
invi5: a=0vc=0 pnd
Concrete m2
variables: ML out IL_out
fr;lb;lc when Wh'/e ;; green
_ il_tl = gree
il ml_tl = green then
then bi=b-1
invariants: a:=a+1 c:=c+1
inv2_1: m/_tl ¢« COLOUR end end
inv2 2: j/ tle COLOUR
inv23: ml tl=green=a+b<dac=0
inv24: il tl=green=b>0na=0

Exercise: Specify IL_out/inv2_3/INV

axmuo_1
axm0_2
axm2_1
axm2_2

inv0_1

”w inv0_2

{h inv1_1
invl 2

¢ 'i A{ invi_3
invi 4

invl 5

Y a‘*ﬂe inv2.1

ch inv2 2
inv2.3
inv2 4

Concrete guards of M

Concrete invariant inv2 4
with ML _out’s effect in the post-state

inv25: mi_tl=red v il_tl = red

COLOUR = {green, red}
green + red
neN

mi_tle COLOUR

il_tte COLOUR
mi_tl=green=a+b<dac=0
il-tH=green=b>0Aa=0
mi_tl = red v il_tl = red

mi_tl = green

{ ilti-green=b>0n(a+1)=0




Dischara POs of m2: Invariant Preservation —

d>0 . A Wch
COLOUR = {green, red}
i — — NﬂLL.

n<d

aeN

beN

ceN

a+b+c=n

a=0vc=0

ml_tle COLOUR

il tl e COLOUR
mil_tl=green=a+b<dac=0
il tl=green=b>0ra=0 = green
mil_tl=redvil-tl = red
mi_tl = green ml_ﬂ = red| v)il_t| = red
-

il tl=green=b>0nA(a+1)=0 i = green

MON

green # red

il tl=green=b>0nra=0
mi_tl = red v il_tl = red

mi_tl = green

-
il-tl=green=b>0nA(a+1)=0

IMP R

e H,-Q + P
=0

lanl,ﬂ:green NOTJ.

mi_tl = red v il t = red N H’ -P+ Q

il-tl = green

(1

green # red green + red grf%n # red o0
il tl=green=b>0Aa=0 b>0na=0 a-0
mi_tl = green mi_tl = green ml.tl = green A H( F)7 E-F - P(F)
mi_tl = red v il_tl = red IMP_L | mi_tl = red v iltl = red | AND_L mlirl= Eea o Ui e | EQ LR
il tl = green il tl = green . - green * red =

+ - i:41=green b>0 green # red H(E),E: F + P(E)
-
b>0A(a+1)=0 a=0 mi_tl = green
mi_tl = green LR, | mi_tI=redviltl=red
mi_tl = red v il-tl = red il tl = green
il_tl = green =
- (0+1)=0 H,P - R H,Q R
(a+1)=0 OR,L
HPvQ+ R

b>0n(a+1)=0 b>0na(a+1)=0




Dischara

ing POs of m2: Invariant Preservation

deN

d>0

COLOUR = {green, red}
green # red

neN

n<d

aeN

beN

ceN

a+b+c=n

a=0vc=0

ml_tl e COLOUR

il e COLOUR
mi_tl=green=a+b<dac=0
il-t=green=b>0Ara=0
mi_tl = red v il tl = red

il_tl = green

-
mil_tl=green=a+(b-1)<da(c+1)=0

= green
=red vil_tl = red

MON

green # red
mi_tl=green=>a+b<dac=0
mi_tl = red v il-tl = red

il_tl = green

i

mi_tl=green=a+(b-1)<da(c+1)=0

IMP R

ASSignment

IL_out/inv2_3/INV

green = red
mi_tl=green=a+b<dnac=0
il -t = green

mi_tl = red v il_tl = red

mi_tl = green

E
a+(b-1)<da(c+1)=0

IMP_L

green = red

a+b<d

c=0

il tl = green

mi_tl = red v il tl = red
mi_tl = green

green + red
a+b<dac=0

il_tl = green

mi_tl = red v il_tl = red
mi_tl = green

=
a+(b-1)<da(c+1)=0 ;+(b_1)<dA(c+1)=o

green # red

a+b<d

c=0

il_tl = green

mi_tl = red v il_tl = red
mi_tl = green

v
a+(b-1)<d

a+b<d

i
a+(b-1)<d

green # red

a+b<d

c=0

il_tl = green

mi_tl = red v il_tl = red
mi_tl = green

.
(c+1)=0

green # red
il-tl = green

mi_tl = green
-
0+1)=0

mi_tl = red v il_tl = red Al

=
il-tl = green

mi_tl = red v il_tl = red|
mi_tl = green

H-Q+ P
——  NOTLL

H,-P + Q

H(F),E=F ~ P(F)
EQLR

H(E),E:F)— P(E)

HP+R HQ+R

OR.L

HPvQ+R




Lecture 24 - Dec. 3
Bridge Controller

Adding Actions

Splitting Events

Preventing Livelock/Divergence
Proving Livelock/Divergence Freedom



Announcements/Reminders

e Lab5 due today
e Exam review sessions and office hours TBA
e Sample exam questions to come
® Data Sheet:
+ Hand-Writing & Screenshots allowed
+ Font size requirement: > 10pt



MAINLAND

Vit

\

ML_tl_green

when
mi_tl = red
a+b<d
c=0
en
mli_tl := green
il_tl := red
end

% PE——w—

Exercise: Specify IL_tl_green/inv2_5/INV

IL_tl_green
when
il_tl = red
b>0
a=0
then
il_tl := green
mi_tl := red
end

Qolded nz.

Fixing m2: Adding Acfions ml.

)\
|

| * b

ML _ost
-
=ved v ?’eu av. Ly 5
=_ ML_tl_greenfinv2_5[INV 7| _gat
axmO0_1 { deN ..L.T ™
axm0 2 da>0
axm2_1 COLOUR = {green, red} ML- -fé
axm2_2 green + red ZL [ fM
in 1 { neN
M9 invol2 { n<d
iny1l1 aeN
iny1)2 beN
iny1|3 ceN
1 iny1|4 { a+b+c=n
iny15 { a=0vc=0
iny2l1 ml_tl e COLOUR

oz inf2)3 E

iny2J2 { il_-tte COLOUR
mi_tl=green=a+b<darc=0
iny214 il -tl=green=b>0Ara=0
ing2}5 { mi_tl = red v il_tl = red

Jeoat = vek vV veol = V(’M
VT »
b =ved v A7z ool
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Invariant Preservation: ML_out/inv2__3/INV

ML_out/inv2__3/INV

axmO0_1
axm0_2
axm2_1
axm2.2
inv0_1
inv0 2
inv1 1
invl 2

invl_3
invl 4
invi5
inv2_1
inv2 2

out
when

il_tl = gr
then inv2.3
inv2.4

c:=c+1 inv2.5
end Concrete guards of ML _out

ML _out IL-
when
ml_tl = green

variables: then

a,b,c a=a+1

mi_tl end J$¢p/_ n4

il_tl A = A [
invariants:

inv21: m/ tle COLOUR

inv2 2: j/_tle COLOUR

inv2.3: mi tl=green=a+b<darc=0

inv2.4: il t/=green=b>0na=0

Exercise: Specify

Concrete invariant inv2_3
with ML_out’s effect in the post-state

b
7 ﬁz\ﬁ 0

IL_out]

/inv2_4/INV

{ deN

green + red
neN
n<d
{ aeN
{ beN
{ceN
{a+tb+c=n
{a=0vc=0
imlﬂ € COLOUR

d>0
COLOUR = {green, red}

il_tle COLOUR
ml_tl=green=a+b<dac=0
il-tH=green=b>0Aa=0
ml_tl = red vil_tl = red
ml_tl = green

e

{ mitl=green=}(a+1)+b<djc=0

~sforf
/?bS‘f /(;\é-auf
(4 =a+Fl)



Dlscharglnq POs of m2: Invariant Preservation

d eN
a>0
COLOUR = {green, red}
green + red
neN
n<d
aeN
beN
ceN
a+b+c=n
a=0vec=0
mi_tl e COLOUR
il-tte COLOUR
mi_tl=green=a+b<dac=0
il_.tI=green=b>0Aa=0
ml_tl = red v il tl = red
mi_tl = green
.
mi_tl=green=(a+1)+b<dac=0

MON

mi_tl=green=a+b<dac=0
-
mi_tl=green=(a+1)+b<dac=0

ML_out/inv2_3/INV

First Attempt

H+ P Hr Q
AND_R
Hr PAQ
5Ol H,P,Q - R
[©0] AND_L
HPAQ+ R
MAINLAND
H P+ Q
IMP_R
Hr P=Q
Unproucole dle  pebed
f«ZOo |
(A'.fl)‘('[? (0( =— 'r_nl,tl=green
mi_tl=green=a+b<dac=0 a+b<dnac-= ‘::0< (a+1)+b<d
mp_R| 1= green I R| -t = green AND L| mi 1l = green AND R | Cn—
e b<d
(a+1)+b<dnrc=0 J (a+1)+b<dnrc=0 ;a+1)+b<dAC:0 i:0<

M L.

mi_tl = green |HYP
e
c=0




N

Understanding_the Failed Proof on INV *’{,L‘,'o,%fwé/@’

variables: ML out IL_out

a,b,c when when

ml_tl il tl = green

il_tl then

then b:=b-1

invariants: a=a+1 ci=c+1

inv2.1: ml_tle COLOUR end end

inv22: jl_t/ e COLOUR

inv2.3: mi_tl=green=a+b<dnc=0

inv2.4: i/ ti=green=b>0na=0

(q ¢ N'\V? d
< J
‘J‘I“\l\\/ g& e ‘60 N
d=3,b=0,a=0 o®  [I€a+1) + b < d|evaluates to true ]
= green d=3,b=1,a=0 (AH +b¢d "‘?,;.I/ [(@+ 1)+ b< devaluates to true]
d=3,b=0,a=1|b "0 :ﬁ“’[(a+1)+b<devaluatestotrue]
=5b=0a=2] ‘g0" l(a+1)+b<devaluatesto false]
gd=3;b="1,8="1 A4 g:—o bit [ (a+1) + b< devaluates to false ]
(Cl + l) +b<d d:3,b=2,a=0|( )To{ /-:Zgaf [ (a+ 1) + b< d evaluates to false ]
e M &
2 B S ol veght B



Fixing m2: Splitting Events

ml_dl _|
| EaA

ISLAND ) MAINLAND

Lost 2

ML _out_1 ML_out_2 IL_out_1 IL_out 2
when when when when
mi_tl = green mi_tl = green il_tl = green il_tl = green
a+b+1+d a+b+1=d b#1 b=1
then then I Ile then then
a::a+1 <a:aé?u(’ofrf b:zb—1 b::b_.l
end t Ci=C+1 Bl 0871
d .
e / en il_tl := red
end
d &5 o



fpanctl
Current m2 May |Livelock ,/Afw’”"wg \
b

ML_tl_green | IL_ti_green ISLAND MAINLAND
when 1 when
mi_tl = red 1 il_tl = red
a+b<d 1 b>0
g=0 a=0
then | then The twvent wlz D(m\fef
mi_tl := green | | il_tl := green ¢ Thevbs
il_tl := red 1 ml_tl := red f"" / me fVA‘/ﬂ/
end |l end St @4
4~ mZIﬁ‘P Mf&/e%a»y
( init , MLtl.green , MLoutl1 IL.in IL.tl_green , ML_tl_green IL_tl_green gasa, )
—— — ——— —— S — e = —_
d=2 d=2 d=2 d=2 d=2 d=2 d=2
a=0 a=0 a=1 a=0 a=0 a=0 a=0
b'=0 b =0 b'=0 b’ =1 b =1 b =1 b =1
=0 ¢ =0 ¢ =0 c'=0 C =0 c =0 ¢’ =0
mi-ti=red mitl=green MIt'=green mi_tl'=green | mit'=red mit'=green mit'=red 7
il-tl = red il_tl" = red il-tl" = red il-t" = red il_tl" = green il_tl" = red il_tl" = green
=




Fixing m2: Regulating Traffic Light Changes

Divergence Trace: <init, ML_tl_green, ML_out_1, IL_in, IL_tl_green, ML_tl_green, IL_tl_green

olﬂty‘d zL-;L /’—

ey pefs,
Sl

ML_tl_green
when
IL_out_1
414%0 ’an_lgz ; ';d ML_out_1 when
'&l dl =0 when il tl = green
A e -C/_ 1 mi_tl = green b+1
Nwﬁ? tthass: a+b+1+d then
ot then b:=b-1
%I /K mi_tl := green B e
0 il_tl := red / — : i
e ml_pass = 0 il_pass :
N{ end end end
hﬁ‘ A v
IL_tl_ green ML out 2 IL out 2
when when when
il_tl = red mi_tl = green il_tl = green
d b_>0 a+b+1=d b=1
A ; then then
. a=a+1 bi=b-1
\ml-tl:: red c:=c+1
it = mi_pass := 1 Htlemrodl
Iln;ltlrl_ f :ifin ‘[ = : il_pass := 1
] end
il_pass:=0
end

sy pth 7\

gt 7

d=2 "\ |m _pass il_pass

< init, \ 1
ML_tl_green, O) [
ML_out_1, (
ML_out_2, / /
IL_in, [ /
IL_in, ( [
IL_tl_green, | 7 O
IL_out_1, [ (
IL_out_2, [ /
ML_in, ( /
ML_in ( [

chsw\



Fixing m2: Measuring Traffic Light Changes

ML _tl_green
when
ml_tl = red
a+b<d
c=0
il pass =1
then
mi_tl := green
il_tl := red
ml_pass:=0
end

d=2

ml_pass

il_pass

variants : ml/_pass + il_pass

< init,

ML_tl_green,

ML_out_1,

ML_out_2,

IL_in,

IL_tl_green
when
il_tl = red
b>0
a=0
ml_pass = 1
then
il_tl := green
ml_tl := red
il_pass:=0
end

IL_in,

IL_ti_green,

@) L G Gl Ll [ Lot

IL_out_1,

NN NN N

IL_out_2,

ML_.in,

ML_in

'—.H'—D.—.F—.H.—..—.HOH

pd [ g [ et [ gt

NINININY

occurrences of
new events




PO of Convergence/Non-Divergence/Livelock Freedom

A New Event Occurrence Decreases Variant
A(c)

I(c,v) Variants:|ml_pass + il_pass
J(c,v,w)
H(o,w) RS
J yos 'Mab oF - ML_tl_green/VAR
V(c,F(c,w))<V(c,w) deN d>0
: COLOUR = {green, red} green + red
-6 f0 neN n<d
ML tl_green Fle,glu 0(: aeN beN ceN
when ~a 47+ a+b+c=n a=0vec=0
mi_ti = red v mi_tl e COLOUR il_tl e COLOUR
afg“j mi_tl=green=a+b<darc=0 il tl=green=b>0na=0
;;ass ot mi_tl = red v il tl = red
then ml_pass € {0,1} il_pass e {0,1}
mi_tl := green ml_tl = red = ml_pass = 1 il_tl = red = il_pass =
il tl := red ml_tl = red a+b<d - c=0
ml_pass := 0 il = O !'mf
end

il_pass =1 5
o~ M';‘(’
')f q Oﬂ il_pass 4 ml_pass + il_pass —

“wl_pss + 70_pss



PO of Relative Deadlock Freedom

axm0_1
axm0_2
axm2_1
axm2_2
inv0_1
inv0_2
inv1_1
invl 2
inv13
invi 4
invi 5
inv2 1
inv2_2
inv2 3
inv2 4
inv25
inv2_ 6
inv2 7
inv2 8
inv2 9

Disjunction of abstract guards

Disjunction of concrete guards

Abstract ml

{deN
{d>0 variables: a,b,c ML _out ] IL.in IL_out
{ COLOUR = {green, red} when ML.in when when
{ green+ red a+b<d when a>0 s
neN c=0 c>0 then a=0
then
n<d then then a=a-1 bie b1
{aeN a:=a+1 c:i=c-1 b:=b+1 ci=c+1
{ beN end end end end
{ ceN
{ a+b+c=n - 1 1 1 1 1 1 1 1 1 1 1
a=0vc=0 Concrete m2 | i1 green ML_out 1 IL_out 1
{ mi_tle COLOUR - when when Wwhen
{ il e COLOUR ML tl_green il_tl = red ml.tl = green dellsgizen
h a+b+1+d =1
ml_tl=green=>a+b<dac=0 when b>0 ih then
il_tl=green=b>0Aa=0 mi_tl = red a=0 :’La” bi=b-1
{ mi_tl=red v il ti= red St ml.pass = 1 ~ ci=c+1
c=0 then mi_pass := 1 il_pass := 1
{ mi_passe{0,1} 3 X end S
il pass = 1 il_tl := green end
{ il_pass €{0,1} then 730 . ol
{ mi_tl = red = mi_pass = 1 ml_tl := green il_pass:=0 ML out 2 ILout2
{ il tl = red = il_pass = 1 iltl:= red end when when
a+b<dac=0 } guards of ML outin my ml_pass := 0 ml_tl = green iltl = green
v c>0 } guards of ML inin my end atb+i=d b=1
fIL.inin m b fhew
v a>0 guards of /L_ 4 ai-a+d bib-1
v b>0ra=0 guards of /L_out in my mi_tl := red ci=c+1
= ml_pass :=1 {I,tl := red
mitl=redra+b<dac=0nilpass=1} gquards of ML tl_greenin m; end en”dpass =
v il tl=redAab>0na=0naml_pass =1 guards of /L _t/_greenin m;
v ml_tl=greenna+b+1+d } guards of ML out 1in my ML.in
v mi_tl = greenna+b+1=d } guards of ML out2in my when
v il_-tl = green n b + 1 guards of /L out_1in my c>0
v il-tl=greennb=1 } guards of IL_out2in m, the'f
v a>0} guards of ML inin mp A 1
v c>0 } guards of /Linin m,




Discharag

ing POs of m2

Relative Deadlock Freedom

il_pass € {0,1}

ml_tl = red = ml_pass = 1

il tl = red = il_pass = 1
a+b<dac=0

c>0
a>o0
b>0ra=0

mitl=redna+b<dac=0nilpass=1

il-tH=redAb>0Ana=0Aml_pass=1
mi_tl = green

il-tl = green

a>0

deN
d>0
beN
mi_tl = red
il tl = red
mi_tl = red = ml_pass = 1
il_tl = red = il_pass =1
=
b<daml pass=1nil pass=1

v b>0Aml_pass=1nil_pass-=1

deN
d>0
beN

ml_tl = red
iltl = red

"| ml_pass =1

il_pass =1
-
b<damlpass=1nil pass=1
v b>0amlpass=1nAil_pass=1

d>0
beN

e

b<dvb>0

ARI

da>0
b>0vb=0
-

b<dvb>0

OR L

d>0 d>0
b>0 OR.R2 b>0
- -
b<dvb>0 b>0
d>0

i EQ.LR,MON
b<dvb>0

HYP

d>0 da>0
OR_R1

+ +

0<dv0>0 0<d

HYP



1st Refinement and 2nd Refinement: Provably Correct

IL.in
. avb<d then ‘Correctness Criteria: -
c=0 a=a-1
| constants: o || myerants: it then. i '+ Guard Strengthening 7
invit:aeN begin aw=a+1 end
invi2:beN i end 'l | ) .
axioms: It gige)) b0 + Invariant Establishment
S o0 in15. 220160 ena || | MLin " when I iant - -~
axm02:d> when b>0 + Invariant Preservation
variants: =2 a=0 = |
3 then then
2.a+b P e - + Convergence B
end c:i=c+1 o
Abstract m1 end '+ Relative Deadlock Freedom
Are
variables: ML tl_green
< infon IL_out_1
b Z’i;’)z ?d ML out 1 when
- = when il-tl = green
ml.4 e mi_tl = green b#1 ML in
it th i a+b+1+d then when
ml.pass o then b:=b-1 c>0
il pass mEt N geon a:=a+1 ci=c+1 then
il tl = red g _
ml_pass :=1 il_pass:=1 ci=c-1
ml_pass:=0
sets: COLOR invariants: efid end end end
inv2.1: mi_tle COLOUR
inv22: jl_.tle COLOUR -
axioms: inv2.3: mitl=green=a+b<dnac=0 ILtl.green ML out.2 ILout 2 ILin
axm0.1:deN inv2.4: il_tl=green=b>0ra=0 when when when when
axm0.2:d>0 inv2.5: mi_tl = red v il_tl = red it = red mi_tl = green iltl = green a>0
axm2.1: COLOR = {green, red} inv2.6: ml_pass ¢ {0,1} b>0 a+b+1=d b=1 then
axm2.2: green + red inv2.7:il_pass < {0,1} 2=0 then then a:=a-1
inv2.8: ml_tl = red = ml_pass = 1 mi_pass = 1 a=a+1 b:=b-1 b:=b+1
inv2.9: il tl = red = il_pass =1 then mi_tl:= red ci=c+1 end
p ml_pass :=1 il_tl:= red
il_tl := green end il e 1
variants: :rlni;gs; ‘reg end
mi_pass + il_pass =
Concrete m2 ond




Review Q & A - Dec. 13

Exam Review Q&A
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deN

d>0

COLOUR = {green, red}
green # red

neN

n<d

aeN

beN

ceN

a+b+c=n

a=0vec=0

mi_tl e COLOUR

il tle COLOUR
mi_tl=green=a+b<dnrc=0
iltl=green=>b>0ra=0
mitl=redvil-tl = red
mi_tl = green

=
il tl=green=b>0A(a+1)=0

Discharg

MON

green # red

il tI = green=b>0ra=0
mi_tl=red v il tl = red
mi_tl = green

IMP R

green + red

il tI=green=b>0ra=0
mi_tl = green

mi_tl = redv il _tl = red

il tl = green

-
b>0na(a+1)=0

4
Lt =green= b >0 A(a+1)=0 |

ML_out/inv2_4/INV

= green

= green

green + red
bOaO
mitl =

IMP.L| ml.tl = Iadvllfl red |[AND L

/l tl = green

b)OA(871)=0

green + red

b>0

a=0

mi_tl = green

mi_tl = red v il tl = red
il_tl = green

-
b>0nr(a+1)=0

AND R

QeNF e ¢
md_+¢ = 9t
e

_t0=
% g

p =
on  Second Attempt

1(’1{7)

Bppasch 1
W |AIOT_L|

q:

o |-+ WMdd
gvm 1wl
Jalse

a= 0

mi_tl = green

| mi.ti=red vil.ti = red |/
‘Ill/ green

|b>0

|'green + red
b>0 | green + red
a=0 ml_tl = green
| ml_tl = green
|'mltl=redvil-tl=red || MON
| iltl = green

I/ tl = green

(on) 0

EQLR, | ml.tl=redvil tl = red ARtfiml-t=

[ontip- SEHe.
PP s 78=2p
t/-/,ﬁcn p VvV

NOT_L
HCP- @
! H(F),E=F + P(F)
EQ.LR
H(E),E=F + P(E)
H,P+ R H,Q+ R
OR_L
H,PvQ + R
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{} : {a, b, c, d} +->> {23, 46, 69} V Choose... ¢
V4 {(a, 23), (b, 46), (c, 69), (d, 81)}\@& b, c, d} >+> {23, 46, 69, 81, 98, 101]| Choose...
{}:{a, b, ¢, d} >+> {23, 46, 69} l’m’c Choose...
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Assume a model consisting of the following components (where A1, I1, G1, and G2 are some valid
predicates referring to the declared constants and/or variables):

e An axiom: A1 K {he Mﬂﬁqe @\/ &Z
e Aninvariant: 11 X },@F’t
¢ An event e1 with guard: C.§1 F M lfP Awg él Z
¢ An event e2 with guard: G2 \7L Pw f V ) ‘/
A C (A
Consider each of the following 9 possible changes, introduced to the above model, in isolation

. Adding a new axiom A2 (where A2 is a valid predicate)

. Changing event el's guard to "G1 & P" (where P is some valid predicate)

. Changing event e1's guard to "G1 or P" (where P is some valid predicate)

. Removing axiom A1

. Removing e2's guard G2 (so that it has no guard)

. Adding a new, second guard G2' (where G2'is a valid predicate) to event e2
. Adding a new invariant 12 (where 12 is a valid predicate)

. Adding a new event e3 with guard G3 (where G3 is a valid predicate)

. Removing invariant 11
A(t)
I(G, V)

k| -
VL‘# i"/‘/"G1(C, V) Vimse Gm(c7 V)

© 00 N O O b W N =

DLF




io )IOFQ %M MJOZFA /eﬁm'g wth. mp Y
R Al b bt to gou B




