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Lecture 1 - Sep. 5

Syllabus & Introduction

Formal Methods: 
   Theorem Proving vs. Model Checking
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Lecture 2 - Sep. 10

Introduction

Safety-Critical vs. Missional-Critical
Professional Engineers: Code of Ethics
Safety Property/Invariant
Verification vs. Validation



Announcements/Reminders

• Priority: Lab1
• Wednesday’s lab

-> Summary of Event



Safety-Critical System NPPa monitors

1
.
nuclear power plant SS

+ nuclear shutdown system
2 .

radiation 6
. bridge controller

out-way

3 . "glove" Islandbridge mainlanda

4
. Pasemaker (pacemaker challenges

safe & fit for use↑Mods FM S

5 . auto-pilot & auto-driving .



Acceptance Criteria

1 . Reg · precise
↳ no ambiguities ,

no contradiction

# = false

↳Complete
↳ no missing scenarios

Lab5



Goal :Verificationany if Implementations Conforms to Requirement
assume :Expo? in different semantic domains is cannot unambiguous↑ Implementation

Conform?
Requirements comparestling ! non-contraler

> document completeona &
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Mission-Critical vs. Safety-Critical

Source: http://pdf.cloud.opensystemsmedia.com/advancedtca-systems.com/SBS.Jan04.pdf

Ses

MCS



MSS

SCS vs . MCS

(1) X SCS MCS Sassmaker
SCS = MCS

↓·
(3, X M/S => S&S financial
SCS &MIS softwarall

companif
=>



Safety Property/Invariant
↳ Every possible state of the system

should satisfy it.
↳ If there's at least out state

where the inv. does not hold,
el it is not satisfied.

reactive
1sS

S - .... -> S 85)initial

assume
invsystees

State

holds afterPrethatf
here

&j >
inv.

holds
.



Verificationumption: alreadygreatthe product right?

procesinstruction
->
4312 .

Nidation : Are we building the right product ?
↓

are
the reg

giventaled but +
customers



Building the product right?
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Building the right product?
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Source: https://resources.sei.cmu.edu/asset_files/whitepaper/2009_019_001_29066.pdf

Research on “Assurance Cases” if interested!

Certifying Systems: Assurance Cases
fit

correct lyny
efficient

Roding a.

G



Lecture 3 - Sep. 12

Introduction, Math Review

Model-Based Development
Propositional Logic
⇒ : Analogy, Truth Table, Alternative Terms
Universal vs. Existential Quantification



Announcements/Reminders

• Priority: Lab1
• Study along with the Math Review lecture notes.



Correct by Construction

Source: https://audiobookstore.com/audiobooks/failure-is-not-an-option-1.aspx
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Correct by Construction: Bridge Controller System

Mo ... Me My ... Mr

describingthesom



Correct by Construction: File Transfer Protocol

m0

m1: more concrete than m0

Mo ... Me My ... Mr

->
abstraction : instantaneous

transmission
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Implication ≈ Whether a Contract is Honoured
-

-

# T =D=
anedent(consequence T =D =F

Promised dieis F = T =F = F =

zero of E : FEP =T Contractconside
identity of E : T= P = P



Expressing Implications
q if p, p is sufficient for q

p only if q, q is necessary for p

q unless ¬p

p: snow storm
q: cancel class-given

thatI Petryway forDEFG

⑳O PEg to be the Lord
.

is wheso Gd
tufwhen
garde
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p=qFalse
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(1) Invase : up = 7G
is Converse & = P
13) Contrapositive : 7G = LP
Case of
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Predicate Logic: Quantifiers

∀ i • R(i) ⇒ P(i)

∃ i • R(i) ∧ P(i)

- syntax
- base cases in programming

what makes

-> this
property

& I to
berated. what happensif RConds

to

universafitoit ↳ for each I
,
corres empt t

if i satisfies Rs
then I satisfies P.

existenta sification range of there's at least one is
cuniverse s .t . I satisfies R and
disclosues I satisfies P .



Lecture 4 - Sep. 17

Math Review

Logical (∧) vs. Programming (&&)
False Range ¬ R(x) vs. Empty Array
Proof Strategies of Quantifiers



Announcements/Reminders

• Lab1 due this Friday at noon.
• Scheduled lab sessions tomorrow.
• Study along with the Math Review lecture notes.

~

D
.



Predicate Logic: Quantifiers

∀ i • R(i) ⇒ P(i)

∃ i • R(i) ∧ P(i)

- syntax
- base cases in programming

VioQ(I)
Ji : Q(I)

↓ false input
can you finda ina that

shows

D
. boolean allPositive (int[] a)E

otherwise?

whaterange ? third of ->If (a length = = 0) & return o3
3 no witness= can be found↓ TR(z) false . in empty away

to prove otherwise

boolean somePositive (intI] a) ?false whatif Ef (G . length = =0) return false 3
↓

Rsi) = false ? : no witness

3
can be found

in empty arraig to
port.



Q. Are the ∧ and ∨ operators equivalent to, respectively, && and || in Java?

Logical Operator vs. Programming Operator
- short circuit

$88p
↳ eduate fromD toG

O ↳ if "Devaluates to fales
↳ evaluation of B

is skippedE

D

! "I Commutationg = gxp

a both p andg are well-defined
Java : p& & GORT

& "evaluate" both sides separately .



9

Accessing &raif a + ... I

ALength == 10

② &
(1) < aength EE10 88c= 0th

say I == -2 (fail) said i = = 100 ilegthgs
0 E G length D 100egthdefined

-Z

&E10 a [i] > 10 is skipped
expression

crash ! and expression just
evaluates

~
to false.

(2) is a lengthstic
=0 aiThe
constraint.



I set of integers
-A ,... 3

- 1s0s7
,

- -

-
+A

N set of natural numbers

Os]
,
2

, ... +
A

Na
7, 2 -- + A



Vi
= j · TENxjERE])

↓
need to consider

# combinations

of (isj).



Logical Quantifiers: Examples

∀ i • i ∈ ℕ ⇒ i ≥ 0

∀ i • i ∈ ℤ ⇒ i ≥ 0

∀ i, j • i ∈ ℤ ∧ j ∈ ℤ ⇒ i < j ∨ i > j

∃ i • i ∈ ℕ ∧ i ≥ 0

∃ i • i ∈ ℤ ∧ i ≥ 0

∃ i, j • i ∈ ℤ ∧ j ∈ ℤ ∧ (i < j ∨ i > j)

=D

- ===
fule wit

If
T .. = -

OD
False witness EJ jt ,

-
- - =① witness : 0

.

-
= =
DI witness : 3

> ① witness : i = 2

j= 3



Logical Quantifiers: Examples

How to prove ∀ i • R(i) ⇒ P(i) ?

How to disprove ∀ i • R(i) ⇒ P(i) ?

How to prove ∃ i • R(i) ∧ P(i) ?

How to disprove ∃ i • R(i) ∧ P(i) ?

Goal : Show RCT) =PCI) = true

trivial
(1) show <R() "zero of E : false = P = true

nader (2) Show RCT)
>
PCI) (e.g. all elements in a non-empty array are

positive)

GodShotgive
a witness Ss.
R(j) and P(j)

not (1) Show RST)
,
LPCI)

give a witness st
. R(j) but <P(j)

-

Goal : Show RCT) X PT) is false.
triaD Show <Rsi): =

fake derhasa



Prove/Disprove Logical Quantifications all X ife
~ thiS.

~
- &

Do O
XE 1 ..

10

(non-empty range R(X) not false).

Exercise .

~ -

· O.
non-empty range ,

witness :&By choosingwitnesswhich

Exercise .

↓
not sufficient by jus onewe



Logical Quantifications: Conversions

(∀ X • R(X) ⇒ P(X)) ⇔  ¬(∃ X • R ∧ ¬P ) 

(∃ X • R ∧ P) ⇔  ¬(∀ X • R ⇒ ¬P)

R(x): x ∈ 3342_class
P(x): x receives A+

De Morgan

(x .0(x) 75x- &(x)
-

-X . R(x) = P(x) = 54=8 =Pvg3
= fx . &(x) (> +Ex . -&(x)3 77x·R(X))
EFx · E(R(x) =PEX < [7(pvq) = <Px7qq7(p)= p3

27x · R(x) < <P(X)
.

↓
Exercise



Lecture 5 - Sep. 19

Math Review

Set Comprehension
Relating Sets vs. Postconditions
Power Set (Enumeration, Cardinality)



Announcements/Reminders

• Lab1 due tomorrow (Friday) at noon.
• Lab2 to be released soon afterwards.



Sets: Definitions and Membership

Ordering : 91 >
2

. 35 = 92 , 3 , 13 Pax101X-23
No repetition : <Is Es3 , 23 X [0

.
1
, 23

②IE(x ,y)(xEx
Set Comprehension Y

empty Set :

S constrainings members)by939
"

10) = 0 ↑ & (1 .
3)

,
(1, 4),

↳
expression representing rof amemberesulting set

(2 , 3) , (2,41]



Relating Sets
Sz

subset

Si[Sz
Si

->empty
S2

proper subset

Si C S2
Si %SalSik

o



Relating Sets: Exercises

SCS false

0 CS true if IS1 > 0

[ false if S =P DC I false.

Si = Sus



Sets: Exercises

Set membership: Rewrite e ∉ S in terms of ∈ and ¬

Find a common pattern for defining: 
1. = (numerical equality) via ≤ and ≥

 2. = (set equality) via ⊆ and ⊇

S = {1, 2, 3}, T = {2, 3, 1}, U = {3, 2}
S T U

S
T
U

  ⊆ ⊂

  ⊆ ⊂

  ⊆ ⊂

  ⊆ ⊂

  ⊆ ⊂

  ⊆ ⊂

  ⊆ ⊂

  ⊆ ⊂

  ⊆ ⊂

Is set difference (\) commutative?

L(eES)

(x =y()x=yx y= X
(S =S2 SESiNSz[Si

T - -

=>

D
.

E dep"&
① DID

=ItD



Bidirectional Subset Relations: Programming

/* Return the set of positive elements from input. */
HashSet<Integer> allPositive(HashSet<Integer> input)

Formulate the `allPositive` method using a set comprehension.

input : [IsEsts Is -23 input : [2
.
3

:
-s 4, -23

allPositive (input) -> 92 ,
3

, 43 output : 96 ,
8

,
93

Postcondition allPositive (input) = &xIf this is inappropriate ,

give a witness pair of input & output , appropriate?
St

. output is wrong but postcond passes. Xt input
.



Bidirectional Subset Relations: Programming

/* Return the set of positive elements from input. */
HashSet<Integer> allPositive(HashSet<Integer> input)

Say: 
- S denotes the subset all positive elements from `input`.
- Set `output` denotes the return value from `allPositive`.

Relate the two sets S and output with set operators.⑨
~

input-las allPositive (input) Ex .

1 Is positonrate jua
Y output

(1) [x/XE input xX >03 I output
30

G233497 :
3 >
43
= (2) output & Ex/xe input <X303

Ex .[ Is postcond appropriate just bi 2)



Bidirectional Subset Relations: Programming

/* Return the set of positive elements from input. */
HashSet<Integer> allPositive(HashSet<Integer> input)

Say: 
- S denotes the subset all positive elements from `input`.
- Set `output` denotes the return value from `allPositive`.

Relate the two sets S and output without set operators.
Ex3. Express postconditions using Fs] ,

E
..
-



Power Set

Calculate the power set of {1, 2, 3}.

Given a set S, formulate the cardinality of its power set.

P(S) =9x)x[S3,

Each member inTCS)
is a subset of S
1. What's the member in
PCS) that has min card??

#([l , 2 ,
33) = PCS)

= [x(x2[l +
2
,333 of

card .

1 =
(3) 2 .

What's the member in

I
s

card. O # subsets PCS) that hav maxcard??
=

913 ,
923

,
533s card. I SEPCS)

= E 391s23c 97 . 33 : [1935 card . Z
9 Is 2 :35 card. 3"# subsets of card. 2

= (2)



S
n ! eg . (1) :#

(D(n-
of subsets 2.g .

givenaa(10)=2312 !
2

# of subsets of

10 * G [tesetting 91 a
2

,
3

> 43 that
2! from 10.

are of card. 2.



Cardinality of Power Set: Interpreting Formula

• Calculate by considering subsets of various cardinalities.
• Calculate by considering whether a member should be included.

( : ) =

(4)+
Want to know : 1PCS) S

- (4(s)) = (18) + (1) + (13) + - .. +(i)+(is)
P S

member an2328



Lecture 6 - Sep. 24

Math Review

Incompleteness of Postcondition
Interpreting the choose operator
Cross Product
Relation



Announcements/Reminders

• Lab1 solution released
• Lab2 released



Bidirectional Subset Relations: Programming
/* Return the set of positive elements from input. */
HashSet<Integer> allPositive(HashSet<Integer> input)

Say: 
- S denotes the subset all positive elements from `input`.
- Set `output` denotes the return value from `allPositive`.

Relate the two sets S and output with set operators.

input output

allPositive

Postcondition checks to see 
if the output is correct w.r.t. the input.

(R1) {x | x ∈ input ∧ x > 0} ⊆ output
(R2) output ⊆ {x | x ∈ input ∧ x > 0}

Q1: Why is (R1) alone incomplete?
Q2: Why is (R2) alone incomplete?

&
S =TE)
SETXTSS

~

Imp
(faulty).

-

postcondicompleta
to
tuf

[0 despite
-
1, the inting

-

3:g 2 . 3 . 8

entire postcond.

faulty,
with820 Checkpostcondition output : 93,28.



(R1) {x | x ∈ input ∧ x > 0} ⊆ output
(R2) output ⊆ {x | x ∈ input ∧ x > 0}
=

Et
&

O

faultyimput
: 9-1s-7s 32 , 83 witness

to

nat the

imp output : [233 > 8-103
(RI) T (
(R2) F incomplete

whatifhpostcodeinput : [-1g-1s3s2
>
83



Bidirectional Subset Relations: Programming
/* Return the set of positive elements from input. */
HashSet<Integer> allPositive(HashSet<Integer> input)

Say: 
- S denotes the subset all positive elements from `input`.
- Set `output` denotes the return value from `allPositive`.

Relate the two sets S and output with set operators.

input output

allPositive

Postcondition checks to see 
if the output is correct w.r.t. the input.

(R1) ∀ x • x ∈ input ∧ x > 0 ⇒ x ∈ output

(R2) ∀ x • x ∈ output ⇒ x ∈ input ∧ x > 0

Q1: Why is (R1) alone incomplete?
Q2: Why is (R2) alone incomplete?

&

x
without



elements -·

&

U out of 1 given elements
: L

>( ( how many ways are there to asize

I

choostor
[

make a set of card.
9 I - ↓ elimatemighty

,U !!I ↳
Il = terms

-n -=H =2 - 2 terms ·
-> U . (n - 1) . (n -z) . - - -

=⑰ eliminarelates



Set of Tuples

Example: Calculate {a, b} ✘ {2, 4} ✘ {$, &}

(Six S2 x ... xSul = (S . (x15n(x ... x/Su)

each member
in resulting

sten-tuple.

-00 -
Si So So

&

-

= [() deGabe 2
,
43xe9$ .

&33
= T

(9 .
2

, $)a a

[ (b.
2

, $3 .
... 3 ****24
/



Relation : set of ordered pairs
e .g .

a relation onKiand
~ -

· Is (1 > a) a relation on S and T ?

No! (19) is a set.

· Is [CD3 a relation on S and T ?

No ! the order is wrong.
· Is [(1@)s (big a relation on S and T ?

Ri = 9(1 >2) >
(3

: b)) YES ! xTRu =9(b)a(lea TWhat them relationsanda



Lecture 7 - Sep. 26

Math Review

Constructing All Possible Relations
Domain, Range, Inverse
Domain/Range Restriction/Subtraction
Relational Image



Announcements/Reminders

• Lab2 released
• Guide for Written Test 1 to be released next Tue
• Remote TA Support

graving



Set of Possible Relations

• Set of possible relations on S and T: 
• Dedicated symbol for set of possible relations on S and T:
• Declare that set r is a relation on S and T:

Example: Enumerate all relations on {a, b} and {2, 4}.
Hint: How many?

DESETVCP3SET Each member in SET is a relation,

meaning that each member
is a set ofpairs.

9(9-2)3ESET
DESET ,

SXTESET
S I

[3 lation
of
SPST) TISTT/

ve
card.

O

I l relations & 37 (5) =
set of sets of pairs [19a235

,
[CAn433 : [lballBe[(ba43]grelati

[(Gs2) <
(G34)3s -

ESE
(*)*<(2)- (9a4)(bs2) . (ba4]]

relation of
pairssingleel.)

S
SXT

3
(4) = 4



Given S
,
T

RESET
SCT =P(SXT)

visf relations
. roSt

Sign retation
v : PCSXT)



Exercise

Departure = & toronto
,
montreal

,
vancouvers

Destination = & beijing ,

scoul
, penong

airline Departure It Destination

Is card?P (Departure x Destination]
1x i enumeratehe

1-1 = 9

5



Relational Operations: Domain, Range, Inverse

Exercise: Relate the domains and ranges of r and its inverse.

00000000f
reAlphabetdom(r) = Garbscads enf

0000000 Of
van (v) = &12

>
3
, 4 ,

5
,
63

--

w=G((a)s(2 .b) =
(3 , C) c (4, 9) a (5ab)= (b+ ()a (l d)

,
(2,9) ,

(3 .f(3

domsv = rc] algebraicaperties
ve



Relational Operations: Image

Exercises
• Image of {a, b} on r?
• Image of {1, 2} on r?
• Image of {1, 2} on the inverse of r?
• Calculate r’s range via an image.
• Calculate r’s domain via an image.

000
riCasb3] = [rl (d : V)er deGarb35 = [12

,
4

, 53
S & van (v)

v SXT
-VIS] assumption : s & S

~ undefined !
[Cl23] = Garb ,

d
.e]

van(r) = v [dom(r)]
dom(r) = v [ran(u)]

dom(r2)



vE ST

sCS tET

domain range
Restriction + VD t

Subtractions v vDt

Each of these operators returns a new relation.

Leeds = E(dv((dv-uds



Relational Operations: Restrictions vs. Subtractions

&

[ab3DV = & (G1) < (b, 2) , (904) =
(b

,
5)3

vD51s23 = [(ask) - (b- 2) < (d>Ks(t-2)3

XXXX

GarbEV = & ((3) a
(Snb)

,
(d>1

<
(e

, 2) < (fs3)}

XX X X

~ A[la23 = &(C3) , (Gs4) <
(b> 5) >

(Cb) < (fs 373



Relational Operations: Overriding

Example: Calculate r overridden with {(a, 3), (c, 4)}
Hint: Decompose results to those in t’s domain and those not in t’s domain.

② = G(d - vi)(d = v) Ev((d ,
v) = vxdedom(t))3

relation relation



Lecture 8 - Oct. 1

Math Review, Lab1 Solution, Lab2

Algebraic Properties of Relational Ops
Lab2: Celebrity_0
Functional Properties



Announcements/Reminders

• Lab2 due this Friday
• Guide for Programming Test 1 released



Relational Operations: Overriding

Example: Calculate r overridden with {(a, 3), (c, 4)}
Hint: Decompose results to those in t’s domain and those not in t’s domain.

& (x +i) (41(X,2) v42(x,)3
= G(x,y) (P. (x.y)3 v

--- - [(X,y) /Exys]

&

② = G(d - vi)(d =v)cEv((d ,
v) = vxdedom(t))3

relation relation

riddanny
= [cdars((dav) +309sdevs Indovs EvndedemCi

↓ z subtraction

relt = v (domst) #v ( [(b >2) < (b >5)s(da1)(e,
2),

~ &(2
a3) : (64)3 = P4)30(99 v) =
t )u



Example: Calculate r overridden with {(a, 3), (c, 4)}

- ---

(2 , 3) < (C> 4)

yo P
transfer .

be Accountasically v changes - [Calsb(a)-art)-
excep all pairs with first elements

162 ,
blaz)+aut

in the domain of t should agree with 5.
THINK : transfer event from Lab



Exercises: Algebraic Properties of Relational Operations

Define the image of set s on r in terms of other relational operations.

Define r overridden with set t in terms of other relational operations.

Hint: What range of value should be included?

Hint: To be in t’s domain or not to be in t’s domain?

r[S] S = 59sb]

r[s] = ran)s Dr
gives
a relation

[van (v)
~

r(+ t = + U (domit) (v)



EasbsCad3

v = 15 [12, 3 ,43

s[St[T
Problem : reconstruct relation=

in terms of restriction &
subtraction.

v = (sXu) u(S(v)
v
= (vDt)u(vDt)

Examples v= &(G
> 1) < (b 2) , (C313

s = [b
,
d3

t = 51243



Lab2: Relational Operators
1 = 9 (Mark

, Alan)
(Tom , Alan) >

(Tom = Mark) 317
-

cEP id = [ (Alon , Alan) , (Mark ,
Mark),

-> (Tom = Tom) 3

->celebrityknown by everyonthem
selves

kP(P
k =P(PXP)
↳
2.g. I

= &Alan ,
Mark

,
Tom's detera

k = & (Alana Mark),
<Edomck) via unique

= (AlanaTom) = aXm5

(Mark
,Tom)3 Ecplp) ·

24xT #identity relation -(plapuk =pl



tom

axm2: [Ge3] = P1ac3

celebrity is
knowa

everypersont the themselves
celebrity

1 = 9 (Mark
, Alan)
STMs

PETom3]=Mark
celebrity Tom is known everyonerecept Ton

bi



axmsk =(P)(c3))P
III

k = P(P
< @dom(k)



Functional Property

isFunctional(r) ⇔ 

∀ s, t1, t2 • 
( s ∈ S ∧ t1 ∈ T ∧ t2 ∈ T ) 
⇒ 

( (s, t1) ∈ r ∧ (s, t2) ∈ r ⇒ t1 = t2 )

Q: Smallest relation satisfying the functional property.
Q: How to prove or disprove that a relation r is a function.
Q: Rewrite the functional property using contrapositive.

rel
creST
Sti stz ful

e.g. & (IDs (b>2)s(3 !
auf It qualified todowpairs sharingnece Ist valetide

same present

~ be a fun.
a rel
and a function
at the same time.

the same dow value cannot map to distinct values in the range.

p
I

p = g = +g = up



v = E(EID
,
(b

.
2)

: (GID3
1 . Exercise : check this against the func. property

-> satisfied
2

. Injective function



Lecture 9 - Oct. 3

Math Review

Partial Function vs. Total Function
Relational Img vs. Function App
Modelling Decision: Rel, Pfun, Tfun



Announcements/Reminders

• Lab2 due tomorrow at noon
• Guide for Programming Test 1 released



Functional Property

isFunctional(r) ⇔ 

∀ s, t1, t2 • 
( s ∈ S ∧ t1 ∈ T ∧ t2 ∈ T ) 
⇒ 

( (s, t1) ∈ r ∧ (s, t2) ∈ r ⇒ t1 = t2 )

Q: Smallest relation satisfying the functional property.
Q: How to prove or disprove that a relation r is a function.
Q: Rewrite the functional property using contrapositive.

* Each domain value mapstoAt most one

* Two distinct valuesrange valueorange canget be

mapped by the samedomann valus.

& (a)3
*+z = 1) (St) Ern (SE) Er)

*

O- - f- -

-

->O up
O

--

&
Disport find a witness which shows that PEg =L=upMoveTrivial 11 VI cdsVi) =rand (dgvz)- & v f &

show that there's no such (Sati) x (Setz) inv check to makesurenodomwallevalues.(v = 0)



Partial Functions vs. Total Functions

e.g., { {(2, a), (1, b)}, {(2, a), (3, a), (1, b)} } ⊆ {1, 2, 3} ⇸ {a, b}

e.g., {(2, a), (3, a), (1, b)} ∈ {1, 2, 3} → {a, b}

e.g., {(2, a), (1, b)} ∉ {1, 2, 3} → {a, b}

e.g., {(2, a), (1, b), (3, a), (1, a)} ∉ {1, 2, 3} → {a, b}

r ∈ S ⇸ T ⇔ ( isFunctional(r) ∧ dom(r) ⊆ S )
r ∈ S → T ⇔ ( isFunctional(r) ∧ dom(r) = S )

Exercise: Visualize S ⇸ T vs. S → T

17
-> partial
-> total

set of all possible partial functions
->domcscS vice=S

S

#SeTErESTention
Every function is S=T

SET & rESAT= vE SET

*

a partial func. *** S-T **

·partireadsection
~ ~ S - T

*** ↓
only need tocheck frous.

patal func not total ↳> checkfun S prop.

*

- dissat
·

functprop.



S = El s
2
,
33 u?

T = Ga =
b3 Correcttightest

correct & Eightest O(n2).
v = [((a) + (2b) , (5 ,

9)3

D It's correct to sayr is total .
(and most accurate)

& It's correct to saf v is partial
(but not accurate



S = [1 , 23

T = [G +
b

+ (3

v = G(l = a) =
(2 ,
b)3

↳ sat . func · prop.
=> partial function
-S+T

↳ dom (v) = [1 +33 = S
=> total function
= S -T



Relational Image vs. Functional Application

A function is a relation.

f ∈ {1, 2, 3} ⇸ {a, b}
f = { (3, a), (1, b) }

Exercises:
f[{3}] = 
f[{1}] =
f[{2}] =

is Functional(f) < dom(f)[[l. 2,33
partial function

domcfsEls 2,33dom
↓ El. 2,53

-=
- - "trappingfordoafined. mappings may not

exist for certainfunctional applications) domain values).

=m cundefinedtreated &1
relationy douits & r[s] = [r((dar') = va des]
(relational images)



In Rodin : is
a costant

Df : ↳ I

f(qc3] -> set

always well defined

② f : + 2

well-defined f (C)

Ro generateprotgtthis is



vE ST
domain

valueamost
one.

each mappedtovalue
V is a function is

=> Ir[23] =
ses t

=/ (sEdom(u)S < / (s @dom(r)
C= 0)



Modelling Decision: Relations vs. Functions

Is where_is ∈ Employee <-> Location appropriate?

Is where_is ∈ Employee → Location appropriate?

Is where_is ∈ Employee ⇸ Location appropriate?



Functions progtest/
cdom] (ran) (dom =

ran)
--

injective surjective bijective

partial 7/ ! n
.
G.

=

total )" >3 >]



Review Q & A - Oct. 6

Programming Test 1

PracticeTest1 Solution Walkthrough
Lab1 Solution
Math Review Lecture



Announcements/Reminders

Released:
• Lab2 solutions (PDF & a walkthrough tutorial video)
• PracticeTest1 solution



PracticeTest1 Solution: Context
Test : no Rodin project

toimport-

~

Vi DNo... - -

1- /1 132
,
-

-

~
~

17
- -

-

=
203342

17 -

· sees -E constant or variable ->

typing constrat.↓ context machingJ
~ no two carrier sets overlap

Taitself
=

Carrier Set : set of certain kind of entities
not a of different kinds

typing constraint ~10 need to further specify the set's content
~ cannot add/remove tofrom carrier set



PracticeTest1 Solution: Invariants
* alt :Xcard(SirDEviimit the set of all possible students

O typing
constraints for variables

& properties (involving constants&~ ~

& variables)
Ce STUDE COURSEX each student is mapped

to a set of courses

relationale1. OYESTUDENT COURSE
"Can this allow any relation

that
② violates

Pifun , C- STUDENTA P(CURSE) reg
=Delisaalrea

[ ↓

Oination ( jack it , ee 3342) 3

currenttabl application ② e .g. [ (jackie ,
Seeszono

, eecs33423)
similareditimit Judentsmitwell-definedi donca a set of courses in

ordered
beingvaluea pair



PracticeTest1 Solution: Events (Init, Admission, Leave)

V

type

ino4:c limit &

(C) L & make sure
dom

Dov thatafte
a

sod,
- should e.g .

limit = 100 before "admissionasvar. (is changed
↳ all invariants

inv . I am100involving a must
E

be preserved. ↓ will be extended by oneafter admission
pair after "admission".dom(b) - 100 (c)< 100

- extended with 1 pair



Lab1 Solution: Machine (Variables & Invariants)

AltYbE Account
↓
an account may be mapped
to more than one values

b = 5 ---s alle 23
,
all-46.... 3



Lab1 Solution: Machine (transfer)

-pre b =5 ..., rblal,
> transfer all-blaz)3
post b= 5 ... >all - b(a1)

Usmapletaz -> b(az)+
1 u3

over

&

A ↳ b Rodin
(G-b) . paper ,



Lecture 10 - Oct. 8

Math Review, Bridge Controller Intro

Injective vs. Surjective vs. Bijective
Modelling an Array as a Function
?



Announcements/Reminders

•  ProgTest1 tomorrow Wednesday
• Lab3 released



Injective Functions
total full E partial funs.

A it cannot be the case that two distinct domain
values map to the same range value.

foSs tistzo (SESX tifTXtET) =(Sati) =f x(Si+z) +f= ti = tu)~

I *

↓ si t

of violating
Top

- partiainj.

fa

** Contrapositive:SSD)(IfIEfand icannotSalut-



A
I possible total injective functions

&
the set of al

O [ls]:33-> Garb3
S -> impossible to -T

construct a total inj S
Iconstruct· & & & injection

21 a), (2 ,
b) 3

0 functional property= > partial function. inj ./ but not total
② domcf) = S addtomake ittotalWa but

it violates
② injective property. func

. prop total inj. prop. inj
. prop.

O ~ ~

② X
-

⑪ ~ X



Surjective Functions * func. prop
total (f) < dom(f) = S surjective prop.

- * · func. Prof
· total

surjective
*

total at the
same

time.

-09 #tial fun, sur
:. D . 0. El partial fun get sur.
**

-i - -

--

fun. prop. total
cutE W z

~ -

· I X -
~ X



Bijective Functions

--- DE(Ica)a(2nb) , (3s ?)3

---↳ -

-

fun. + total int Sur .

D X ~ -

& - X -

& ~ - X



Exercise

partial

total

injection

surjection

bijection

1 2 3 4
1 2

3 4

EE9ABS B1
2 ,
3

,
43

vurv

X -x vX

u -XX

& rXXX

>
-> -XXX·-



Lecture 11 - Oct. 10

Bridge Controller Intro

Formalizing Arrays as Functions
Bridge Controller: Intro
Initial Model: Abstract State



Announcements/Reminders

WrittenTest1 on Wednesday, October 23

Office Hours during Reading Week TBA:
•  Help on Lab3
• Questions on, e.g., Lab1, Lab2, Math Review Lecture

Bonus Opportunity: Midterm Course Survey (eClass)

[Math ReviewLecture

↳ guide & practice Gis Monday latest.



Formalizing Arrays as Functions

String[] names = {“alan”, “mark”, “tom”};
a

atR String
same ran wal not mapped

jiz indices by distinct dom , values

amakEon" contents
a1s

"Alan" "Mark" "Alan"

GEE(0:Alan") a (Is "Mak")s(1) a = X + String spartial (2 : "Alan")3

lict a X -> String (total at 2+ String1" 11) don(a) = 2 = < ...... On-- - 3
not appropriate indices

ran() = Isting
(2b)a = N - String allpossible
(2) N and I are infinite strings .



*

a = 2+
+

discussed 4 assume : Tabe values.

R.

W.

after

(3,
5) possible : array stores all int raues.

But if no such assumption ->R is infinite
-> a=I is not

appropriate: I is infinite.



Correct by Construction
-

->
prosom,

sprove additional propetsa
② prove that Mj is

moreandmoreconcretae space. - a formal refinement> of me

Mo -- M
= ⑮ ... Mr

↓ = addeatables Z

initialtract - m

is refined big
1. do not include all variables & constants have

(only a few at a time in each models
2 . In each mode

, the # of Pos to prove is manageable.



State Space of a Model
Definition: The state space of a model is
the set of all possible valuations of its declared constants and variables, 
subject to declared constraints. 

Q1. Give some example configurations of this initial model’s state space.

Q2. How large exactly is this initial model’s state space?

typying constraints aboutdoes not restrict the variables/constants
to legiminate values.

↑
StateSpace =&(C

.
L

, accounts &
CEN , LENinacseS#l
1 inv3

*& & - invariant
2

- -
W

Init : (10 ,
000 , 20,000 , 4) what if no invariant :

C : (10,
000

,
20

,
000

,
E "bill" 14 50003) (2 : (10 , 000

,
20,000

,

& "bill"It -50
,0003)

bottleneck for model checking(4315). without ine
the resulting

State Space = Evar/const list typing constraintsNEtarant3 set bigger



Bridge Controller: 
Requirements Document

II
· ·f

-> . ->

17

A

A Important assumption

~

-

to prove safety properties
17 --

the only
RED

~
->

tofocus
most
de

abstract
mo

↳ somerefinement to introduce modet.



Bridge Controller: Abstraction in the Initial Model

↓in the wo ,
consider them not

-> no bridge ! separable !

land) Bridge asanaS

I
n = 100 +3=B

n : number of cars in island & the bridge
island-bridge compound.



Bridge Controller: State Space of the Initial Model

Static Part of Model

Dynamic Part of Model

~

do

Bax
~0 of cars

in island& bridge
↓ U : Current# of

caus

#ofCarson sladbd
,The d = n



Bridge Controller: State Transitions of the Initial Model

d = 2
n =

State Transition Diagram on an Example Configuration
d = 2
n initialized to 0 d = 2

n =

n=0 0

statis
Mainland
#

->

0 % I
must hold true on every state

ML-outMod=2
>d=2 invariant

n=2

3
->
volation

.

>

As Essafe SEANER
& safeOf x 0-2 Falst



Review Q & A - Oct. 20

Written Test 1

Practice Test Questions
Math Review Lecture



Written Test 1: Practice Question 1 O

o 5

I or
(x

, y - x( xyt = X +y)
T= F =0

.T + = T =D
.

~
~

- ~ witness :
5ENx0eN

W X +
= 5x8 >

~

X Witness/EXE
↑ F

= X
↑its REDEN

*
D



Written Test 1: Practice Question 2
53 O to prove tmore witnessEx

, y - XENxy(Nxx * y > %)
① to disproves

X *
&

need to consider
X all combinations.

&

~

- X . x
-

zENX-3ENQz
* -30

F
~ DENXEN40 D.
w &

X

A

5ENXOEN 15* 0 >O this witness evaluates
⑰ T T F to false , but not

sufficient to disproveJ.



Written Test 1: Practice Question 3 dence
Gamb ,

2 d31 [a,
e3 Wanf3

- me
22

1) (bicd3193) u9a.f 3)
[b ,

S
,
du [asf3

149bd s (3)
Kambscndaf3)

= 25 = 32: Z



Written Test 1: Practice Question 4 Execedence&
(x · R(x) => P(X)
= LJx · R(x)x - P(x)

=

pxgvv = (PEG) Ev

R(X ,Y) v -P(x-y) *
A

! X
.% .

X : NAT& y : NATEX+y) = 10& X+Yf < To no(X+If s20)~ -x+y < 10

not#Xa7f · X : NATOf :NAT&1DX+y 110 or X+< =2)= not (x+y)=10)
X+y

not (x+T2)



Written Test 1: Practice Question 5

:
-" SXT veSt set ofallpossible

ven
--- T
...

/

~

& (X = 1), (X c 2) : (Xa3) , (ifal) , (if > 2)
, (i ,

3)3



Written Test 1: Practice Question 6
23 property

RECGbIbET ~ range-
... e[lab)/aeSabeTE

[(x) , (2) a (3)aDs (Ys2),B

[(yal) , (yc2)3

properting :0+ X v b >3 2(a + X v b()

LExercises) o a + X = b < 3



Written Test 1: Practice Question 7 (4) Givena elements,
m how many ways

can we make subsets

of size m ?
= Me

-> ran .
res.

v = EEDESPITDs(IX3
E

↳
eX . [x34(r7(T1923))

V D(T 1523)( E(y ,
13

[323 [QX,*) , ( , 1)3



e.g .19St53)x(Isl=ITP(C1c33s[c5c63)(5) =(4)
=

↳
↑

& subset of size 8
= b

Ft
. subsets of size

)=*S S 3 -

Els2 ,
3

,235363 subset of size 6



Lecture 12 - Oct. 22

Bridge Controller

Event Action vs. Before-After Predicate
Before- vs. After-States
Sequents: Syntax and Semantics



Announcements/Reminders

• ProgTest1 results to be released around next Monday.
• WrittenTest1 tomorrow during your enrolled lab session
• Lab4 released (ProgTest2 on November 6)
+ Try to complete Part 1 by Friday.
+ Follow the proof steps in Part 2 & collect questions.
+ Scheduled lab session on October 30.



Before-After Predicates of Event Actions

- Pre-State
- Post-State
- Sate Transition

toda pre-statethe
I value becomes

R

&
for reasoning postre
P.

O
· perstate ML-out postostate

ASM
(init)

I -D=3 For each variable X :

= postINITIALIZATIONO put (1) Write X to

"'IIII N n

denoteits pre-state
12 Write X'to

Invariantestablished denote its poststatea



Limit
:
M2

- out a M2
-

out

d=2
M2 -

alt

&
~n

action for ML-out : 0

n : = n + 1 Tenabledisabled
guard for ML_out :

Ime say :
U=
I

catway enabled



Transition of an Event bE ACCOUNT/

Imust
be
enabled

withdraw
enabling conditiontWithdraw to

occur).

a : ACCOUNT
Pre-State : U : N 1d
I where ↳

Post-State :

Gt dom (b) Iithe pre-state Post-statetull

A remains
to begin x effect of event actioas the post-state,

6 : = b #[9kb(a)- 23 after the event's action
* takes effect, stillsafe?Faraedom end I : Va : a z dom(b) = bla), -C Is I- C maintained

?



Invariant I in pre-state : b(x)
X

Ex · x = dam( = Xx -C

event 6 : = 6 < 59 1- bra)- 23
action

~

ba (ak- b(a) -u3I in post-state :

y(z)

EX · X = dom(b 991- b(a)- v3) => X - (

↳
new value of
6 in post-state of withdraw.



swap
  begin
    temp := x
    x := y
    y := temp
  end

Q. Are the following event actions suitable for a swap between x and y?

Exercise: Event Actions vs. Before-After Predicates

SBAP :

temp= -1
swap

temp'=23
X = 46

temp=gzg
y' =

Correct :

X := If
y : =x

inappropriate
statevan

X=
Swap,26 X1 y

↳ "Should ndeved assignment
is

y=16 y= 2 "y=



Design of Events: Invariant Preservation
to be formulated as a

proof obligation

nEW

Desire : Estate State = StateSpace
=>[ (state)

u1d
To disprove this : find state- Statespace

but ↳ I state)
.



Sequents: Syntax and Semantics
Syntax

Semantics

Q. What does it mean when H is empty/absent?

turnstile eachStates

assumption t,apansions
2.g . dEN
nEN
nid
I

ALG HEG n+ 14d

predicate ↳ assuming
thatIt is true ,

G is provable.

r G
DimeIG = The = G = IE)
② FakerG = False=G =It> nothing to prove!



PO/VC Rule of Invariant Preservation
Exercise ML

- in/INV

->
[Tul An +E

need
n=n+ 1

dEN
I UEN

- und
Zulf
t

n+1
~
ML-
out/IN n+12d

-
~ dENT name -> prestate

T

↓ - pot EX
obligationLtdpost

a



Lecture 13 - Oct. 24

Bridge Controller

Proof Obligation of Inv. Preservation
Inference Rule: Syntax and Semantics



Announcements/Reminders

• ProgTest1 & WT1 results to be released next Monday.
• Lab4 released (ProgTest2 on November 6)
+ Try to complete Part 1 ASAP.
+ Follow the proof steps in Part 2 & collect questions.
+ Scheduled lab session on October 30.

↓ Demo of Lab4 Part]

-
R &A



PO/VC Rule of Invariant Preservation
verification condition. (1)n =Nxn = d

=

proof
ML -out

↳
n+1Cxn+1d

obligation pet post # ~
el

Fir at post-
-> (B) stateTwoBAP: 1

=
n+
-n -

&

~
=
dEN
"nEN

model (indicese Xined1 Tre

dEN (newline in hypothesis
& InEN

section is implicity
-

& ML -
alt -

Tul

a conjunction)
I ~

~ P.
O . - A

maintained * finservation neNx ned
n+1tXn+12d



PO/VC Rule of Invariant Preservation: Components

c: list of constants
A(c): list of axioms
v and v’: variables in pre- and post-state

I(c, v): list of invariants

G(c, v): guards of an event’s

E(c, v): effect of an event’s actions

v’ = E(c, v): BAP of an event’s actions 

< )

is
defined as X pre-state

G(cd>,
<2) = tre

V =< >
cost

LE V= <<- Istate
E(d,
(7) = <n+1- --BAP: BAP:

A(d)=xmO-
1 > (ny = <n+17 effect=

D
<y = (-1)

Glad=&

I(d>,(1))= =

effecta begin< invO
- 1 <
invO-27

[1 (d) , <n>) =

[invO-1] En
Y

function D
on <d)

[u] effect I Foststate
Fconstants> fort- D

Beafterredicate ↳ values in terms of put-state vals·



choice by predicate
P

X
, y : x= y xy= x

change poststatenizationgate)
list

obles casa



PO/VC Rule of Invariant Preservation: Sequents

Q. How many PO/VC rules for model m0?

->pre-state

A

-

I effectent
--

*A

&

&
i= /

T=2

* Guards of some events : ML_out or ML -
in (2) POliMODt

of
* Som invariant condition : invo-1 or invo-2 (2) 402 : MLout/invoei

Total # of POs : 2 * z = 4. Exercist : P03 & 404 ?-



M2
-
out/invO-1/EN

↳
P. O

.
is related to

whether or not taking
a state transition of
event M2out can

preserve/maintain invo-1



PO/VC Rule of Invariant Preservation: Sequents

4 Tre

d= n+ 1

-

D

POI ML
_out/invO-D/INV POT M2

-out/invO-DINv
de de
uEN nE Exercise : Los
n = d n = d
Tul Tr #4- t
EN = d

n+1 n+ 1



Q. What does it mean when A is empty/absent?

Examples

Inference Rule: Syntax and Semantics
Syntax Semantics

anteed name
useques

H11-G To prove HIsHzrG
Mon

HIsHerG monotonicity · It's sufficient to prove
Hr-G



Lecture 14 - Oct. 29

Bridge Controller

Inference Rules: Proof Steps
Interpreting Unprovable Sequents



Announcements/Reminders

• ProgTest1 & WT1 results released
• Lab4 released (ProgTest2 on November 6)
+ Scheduled lab session on October 30.



Q. What does it mean when A is empty/absent?

Examples

Inference Rule: Syntax and Semantics
Syntax Semantics

FG = The G

anteeda A = C = Tre

&

CL means The (meaning that

useques ~ To prove the consequentI (is an axiou) rewriting.

H11-G
it's sufficient to prove theanteen
Int

H2sHerG Amonotonicity .

It's sufficient to prove

youcahypotheses
Hr-G



Sequent
It
- HE G

G

Inference
Rule

ress A
- A=C = The

to
make prog C

in proofsteto A



Proof of Sequent: Steps and Structure

Outstanding Sequent to Prove

ML_out/inv0_1/INV

Known Inference Rules

->
Hi
* MEN
Hut P2 * Analyze the goal predicate

to pove : what art the

H relevant variables ?
what hypotheses are useful ?



outstanding sequent Proof Steps
-

basese-

-

-

-

- NoI

G



Understanding Inference Rule: OR_L

disjunction I . Does OR-L help us :

D (A) split one sequent into two
& E (B) combine two sequents into out

Pra concerns
H

· SaI
OR-L

what'staof
t

TR



Example Inference Rules
Peano Numbers
Theorems ~

axioms (bastees) th
I

-
1 E

-

U
.

oh I
-

-

10
&

2
ncm

i =m



i &

IIt
↓ OR-Rit
Pro P

H H
& t OR

-
RZ t

OR2
Pur Q



Discharging POs of original m0: Invariant Preservation

ML_out/inv0_1/INV

ML_out/inv0_2/INV

ML_in/inv0_1/INV

ML_in/inv0_2/INV

Exercise!
~

nESX
e

Mon &

~
add some guard condition
of M2_in a so that
the

extrahypotheseable.



↓o
O Fre-generate.

ML-out/invo- 1/IN
statis Pome

> i
dynamic Min/invo-

/INV

~ Leno
② at temptmore

i

~

& unprovable
fix model
the



Lecture 15 - Oct. 31

Bridge Controller

Revising M0: Adding Event Guards
Re-Generating/Re-Proving PO Sequents



Announcements/Reminders

• Lab4 due tomorrow at noon
• ProgTest2 next Wednesday, November 6



Discharging POs of original m0: Invariant Preservation

ML_out/inv0_1/INV

ML_out/inv0_2/INV

ML_in/inv0_1/INV

ML_in/inv0_2/INV

* n =d + n- 1cd DES

round for2-in.
~ It

↑2" too manyirrelevanta
nESX -

Mon &

MON Mardofupon
a

=

One possible
- resolution :

dt add some guard condition
of M2_in a so that

~

Mond
DECX the

extrahypotheseable.
True not M

to d.



PO/VC Rule of Invariant Preservation: Revised M0

Q. How many PO/VC rules for model m0?

d

when>o

4



Discharging POs of revised m0: Invariant Preservation

ML_out/inv0_1/INV

ML_out/inv0_2/INV

ML_in/inv0_1/INV

ML_in/inv0_2/INV

EX.

10

-ginMON nePz

Ex .

⑳
MON und

Nealaout inted INC



Discharging PO of DLF: Second Attempt

de
> 0

-FRI Mar-und
p

Fund vaso Sno



Lecture 16 - Nov. 5

Bridge Controller

Invariant Establishment
Deadlock Freedom



Announcements/Reminders

• ProgTest2 tomorrow



Analogy to Induction: 
Base Cases ≈ Establishing Invariants

Analogy to Induction:
Inductive Cases ≈ Preserving Invariants

Initializing the System

c = ?
v = ?

c = ?
v = ?

c = ?
v = ?

ML_out

ML_in

init

The Initialization Event

no prestateit poststatthet
PER I

I showthaa-

pres "11(1)
postadasablpestablishingris event

first time .

->
the only event that should
be unguarded (initializationvalid
is always possible) no initX

↳testants := n + 1actions not-statare ofa



PO of Invariant Establishment

K(c): effect of init’s actions

v’ = K(c): BAP of init’s actions

Components

Rule of Invariant Establishment Exercise: 
Generate Sequents from the INV rule.

can ref.reger an
~ w

BAP: n'=0I
-

~
init et can onlif
ref .

Constants (nov).

~

axioms a establisa
- init/invO-1/INV init/invO

-2/INV

de N d = X
t ↓

/ /

↓ nE( u = d
indeXof IN OEN od



Discharging PO of Invariant Establishment

P2X

MON
+ Pi
DEN

& -whereientiated by d
P3

O =

O T



Bridge Controller : REACTIVE SYSTEM

↳ there's always at least one
event enabled for the system to progress
T

noevened
unacceptable : deadlock

to
occur

- G(ML-out) / 7G(ML in) [deadlock condition]

7 (G(ML
_

out) "G(ML-in)

G(MLout) VG(ML_in) [deadlock freedom Lord. ]



PO Rule: Deadlock Freedom

Exercise: Generate Sequent from the DLF rule.

event enableness in pre-state

~

axioms

invariants

↳
~ & deadlock
at least one of the m events is freedomd.
dE/X to prestate postate
ne N +- ncd vu > 0

in- put ~ ~
n = d G(ML-out) G(ML-in) DLF - X



Example Inference Rules Ithe

falst

↓ ↳ PETu = The
false -> P = The

OO

~ Treef
↳ Th

& R.

f



Discharging PO of DLF: First Attempt

DF
dad = false

#Tadudsoedt

Et- Not unprovable givennotonalt



Lecture 17 - Nov. 7

Bridge Controller

Interpreting Unprovable DLF PO
First Refinement: Abstraction, State Space



Announcements/Reminders

• ProgTest2 results to be released by Monday, Nov 18
• Lab5 to be released on Friday, Nov 15



↳ R

u == d 1 = &
Ha

+ n ↳ F
t V
und unsoRh nadra

n >0

thegoal evayfree
occurrence ARIDE

bezeo whe
initialized. ①Fr
·peadsheetnorable t

unl not be 10

butmay idea to moda tingly



Understanding the Failed Proof on DLF

Unprovable Sequent: ⊢ d > 0

N

↑de0

↳
do o

Not beingabletopo Edged!-

d =0 Dd = 0say After init : U =0 0
↑
② de (d,0

OndosoI G(M2-out) v G(M2 -in) It allowed but current model



Discharging PO of DLF: Second Attempt

[d>o

-

newoned (as
a fixt.

< d>0

do
do

d >0
HYP

do do



Summary of the Initial Model: Provably Correct

Correctness Criteria:
+ Invariant Establishment 
+ Invariant Preservation
+ Deadlock Freedom

Static dynamic

added
for
TV

.

pres
.

↓
fix forthaerial

'deadlock



Bridge Controller: Abstraction in the 1st Refinement
m0:
initial, most abstract 

m1: 
second, more concrete 

cold)
N abstractrents

old addedconcretnesa
newevents ↑

concretis
~

↓
traffic lightlasted

away,



Mo MoutT abstract

refines

ML-out
abstract mi ML-in

Concrete

1

refines

MLout
uz MC-inconcrete -



Bridge Controller: State Space of the 1st Refinement

Dynamic Part of Model

Exercises
inv1_4: linking abstract & concrete states
inv1_5: bridge is one-way

Static Part of Model

* a= 0 v c = 0 = 7(a +0x (10)

N

#E IL

S

-+
n=a

+b+
c

F
Dazor(

=
0

linking/gluingvariant * x C
=0 # cars

a IL-> ML

for power in asbaC



Bridge Controller: Guards of “old” Events 1st Refinement

ML_out: A car exits mainland 
(getting on the bridge).

ML_in: A car enters mainland 
(getting off the bridge).

ML-
Out

of
-> abstractfrom

Mold
(1)

D > = 0 Guardfrom No
,
abstract

ML_M1 **

grand of M2- out :ud
**

LS
c, linking abst. &con · States :

->
God ⑮grd:

a+b+ x0 10



Lecture 18 - Nov. 12

Bridge Controller

Abstract vs. Concrete Transitions
Predicates: Stronger vs. Weaker
Why Guard Strengthening?



Announcements/Reminders

• ProgTest2 results to be released by Monday, Nov 18
• Guide to be released for WrittenTest2 on Wednesday
• No scheduled lab session tomorrow.



Bridge Controller: Guards of “old” Events 1st Refinement

ML_out: A car exits mainland 
(getting on the bridge).

ML_in: A car enters mainland 
(getting off the bridge).

ML-
Out

of
-> abstractfrom

Mold
(1)

D > = 0 Guardfrom No
,
abstract

ML_M1 **

grand of M2- out :ud
**

LS
c, linking abst. &con · States :

->
God ⑮grd:

a+b+ x0 10

G =0? &. Isitnecessarya
No

.

"

G = 0" ?grand[ >p

~ ex
=Orc = 0

a = 0



States, Invariants, Events: Abstract vs. Concrete
Abstract m0

Concrete m1

-

absate

Concrete
events

linking Concert
,a

↓safety



d = 2
a, b, c initialized to 0

Abstract m0

Concrete m1

Bridge Controller: Abstract vs. Concrete State Transitions

d = 2
n initialized to 0

Scenario
- car leaving ML
- car entering ML

d = 2
n =

d = 2
a = 
b = 
c = 

d = 2
n =

d = 2
a = 
b = 
c = 

Consider : < init , M2_out ,
M2

_in> exersist

absstateab)
init M2-Out
& o 7

1

* For each concrete transition,
there's always a corresponding
abstract invI-4 : in =
transition. 0+0+0=0 ~

~

init O
> b> P

ML
_OUE

& P
& (sout.)J

concretstate



Before-After Predicates of Event Actions: 1st Refinement

- Pre-State
- Post-State
- Sate Transition

concrete

↓RecallinetableaGabal Ea xb=b 2
a= a + 1

"b = b
↑

C'= C



v and v’: abstract variables in pre-/post-states
w and w’: concrete variables in pre-/post-states

I(c, v): list of abstract invariants
J(c, v, w): list of concrete invariants

G(c, v): an abstract event’s guards
H(c, w): a concrete event’s guards

E(c, v): an abstract event’s effect
F(c, w): a concrete event’s effect

PO Rule of Invariant Preservation in Refinement: Components

Abstract m0 Concrete m1
# (c<b

,
<)

xG(><)Enad E = a+bcdXC= 0

(
>

Mo

VE(u)V'E <> Mi

WE(AsbiC) w'E <as b's 2'7

j =

constantabst . vars.

W
*
E(d> <n >) of ML

_
out : <n+ 17

F(d)
> <Gabe () of ML -out : <atta ba⑭J,abits C >



Predicates : Weaker us. Stronger
p = q
↳ P is "stronger" thanG
↳ G is "weaker" than P

P(x)E X>0 Satisfying Values
g(x) Xy0

[x(p(x3 = (x/q(x)}
p(x) = f(x)

P(x)q(x)z(x) PCX)StratteremdcThe
InS



trespondingRefinement : Why Guard Strengthening abstract
concrete event disabled12)E if a concrete transition enableds

concrete abstrate

guard the corresponding abstransition is
Mi

always enabled as well no

Principle : a refinement's behaviour should be consistent with new behaviour
big ref. ).

the abstract "model's behaviour (= vo new behaviour

e who introduced by the concreteevents)

guard
it version disabled TG abstractosition

abstractevent
is

G ·theforresponded
isea

Cate concrete
transition



PO/VC Rule of Guard Strengthening: Sequents
Abstract m0

Concrete m1

Q. How many PO/VC rules for model m1?

~
S

C

~

->
ML-out,

ML-T1.

->
exercise .

M2out/GRD M2-in/GRD
dEN axmO_

I
d > 0 axmo_2
nEN invo-1
n = d invo-z
GEN

a+b+c= nt - u+d
bEN
(E a=0vC=0
a+bcdc = 0

->
# of concrete guards



Lecture 19 - Nov. 14

Bridge Controller

Discharging Guard Strengthening POs
Invariant Preservation: Concrete Events
Commuting Diagram: Simulation
New Events: IL_in, IL_out



Announcements/Reminders

• Lab5 to be released on by next Tuesday’s class (Nov 19)
 (due on Tuesday, December 3)

• WrittenTest2 next Wednesday, November 20
+ Guide
+ Practice Questions

• Bonus Opportunity coming: Formal Course Evaluation



Discharging POs of m1: Guard Strengthening in Refinement

ML_out/GRD
-

aXioms

abstract
I

fal a+b + c= u atb+0 =

TNV . Mon a +bad
a+b + 0 =nya+b =n

C =0 ER
-
<R

,

A+ bad ARI atb =n
↳ R nad

L R MON Ind a +bcdE
-Lis I

econent
-out

nd +
und

MON nad

HYP



Discharging POs of m1: Guard Strengthening in Refinement

ML_in/GRD ~

ARI4
130

M

HYP bEN
8

G+b+1 = n bEN bE/N LEN
0+b+1=M

bEN a = 0 ER
_ LTh

, 10
ARIb+C = n ARIGo~

O MON I
>0 I

MONG+b +) =n t n >0 tu >

a =0 VC=0 OR-L
n > p A

C=0x(>0

( > 0 bEX C=0 = I
2+b +1 = 1

- C = P MON ( O ARI FALSEn >0 > 0 H
↓ n>
n > 0



PO/VC Rule of Invariant Preservation: Sequents

Q. How many PO/VC rules for model m1?

Abstract m0

Concrete m1

for concrete euts

* 2 + b+ C = x (a+1) + b +C = n+ 1
- axious

abst. I

cont . I.

con. guard
↓ 41 ..5

n'n+ 1 n= n- 1
↓

** a=0vc= 0 G =or(-1 = 0 concrete invariant satisfied in the
most state.
I-

ML-
out/invI

-
4/INV MLin/invl-5/IN

dEN dEN
d > o d >0

L uEN

b=b ↓

b=b n =d
a=a+1x C=GENbENCEN GENbENCEN

a+b+C =M a+b+C =M

-
2 con . ents * 5 inv. =10 a= 0 vC = 0 a= 0 vC = 0

a+bad 10C =0

# (a+1) +b+c =n+ 1 ** a=0v(- 1 =8



Visualizing Invariant Preservation in Refinement
Each concrete state transition (from w to w’) 
should be simulated by 
an abstract state transition (from v to v’)

ML-out

ML-out

-abst.invariant
abstenabled e.G. preserved

ML-out-

abstractabst simulated simulates
post-staff

L two post-statesconcrete
state i

consistently.
still linked

coll · invariants.
↑-

Concrete
con · ent- enabled post-state



Discharging POs of m1: Invariant Preservation in Refinement

ML_out/inv1_4/INV



Discharging POs of m1: Invariant Preservation in Refinement

ML_in/inv1_5/INV



K(c): effect of abstract init

L(c): effect of concrete init

Components

Rule of Invariant Establishment Exercise: 
Generate Sequents from the INV rule.

PO of Invariant Establishment in Refinement

Q. How many PO/VC rules for model m1?



Discharging PO of Invariant Establishment in Refinement



Events

oout) abst event is

refines

M1 MLou) Con .
eventso

New Events : 11 - in
,
Il-out



Bridge Controller: Guarded Actions of “new” Events in 1st Refinement

IL_in: A car enters island 
(getting off the bridge).

IL_out: A car exits island 
(getting on the bridge).

0 G >o

- &
#

C = 0

-

->F

->b
-> b : = b - 1

Ci = C+ 1



Before-After Predicates of Event Actions: 1st Refinement

- Pre-State
- Post-State
- Sate Transition

Concrete State Space

-

↓
a= 2 - 1

"y = b + 1

My = C



Review Q & A - Nov. 17

Written Test 2

Bridge Controller Lecture
Practice Questions



nadened Ind unso

D
~0
-

②

at
left of I



MONEN
n-1ENARI n-1EN n - 1EX

R 13 . 1 = 10 should not be chosen.



Lecture 20 - Nov. 19

Bridge Controller

Concrete, New Events vs. Abstract skip
Livelock, Divergence
Invariant vs. Variant
Tracing of Abstract/Concrete Transitions



Announcements/Reminders

• Lab5 released (due on Tuesday, December 3)
• WrittenTest2 tomorrow
• Bonus Opportunity coming: Formal Course Evaluation



PO/VC Rule of Invariant Preservation: Sequents

Q. How many PO/VC rules for model m1?

Abstract m0

Concrete m1

IL_in/INV1_4/INV

IL_in/INV1_5/INV

old events and new events.

* 2+ b'+c=
(+) +(b+1) + C

=HdE
nd L

(2-1)+(b+1)+2
GEN G+b +C = n = 1

bEN a =0 VC=0ecorresp CEN a so

new trent
(exercise)

· ~

~
·
L

& # new events (2)*
= 10

.

# invariants (5)



Discharging POs of m1: Invariant Preservation in Refinement

IL_in/inv1_4/INV



Discharging POs of m1: Invariant Preservation in Refinement

ML_in/inv1_5/INV



Visualizing Invariant Preservation in Refinement
Each new state transition (from w to w’) 
should be simulated by 
an abstract dummy state transition (from v to v’)

d = 2
n =

d = 2
a = 
b = 
c = 

d = 2
a = 
b = 
c = 

d = 2
n =

new events : IL_in , IL-out. abstract event

simulatinganyoY event

-
init

O

ML
_out

I skip >d>

Pres
skip. Pres

"

X

T "

IL_in (new event)

! mukte! in
1. onli modifies concrete vacablei

ML-out IL_
in
d= 2

variablesbatte 8 7 >
a= 0

b= 1
O C = 0



--

o to to
do

of totooto

&

Exercise show the abstract & concrete transitions of:
< init

,
M2-Out

,
12- in

,
I2-out

,
12-in

oncesons
(init > M2-out

, skip , skips ML
-
in >

abstractsitions



Livelock Caused by New Events Diverging

An alternative m1 (for demonstration)

↑

old events new events(unconditional) solution
:

measure
~ an

-> haveaoaon

while upprofof new events
3

Abstract transitions : (init , M2-out , skis. of

Concrete transitions : (init
,
ML_outIing Ent,

a possible trace that's problematic. #in
,
I2

-
out , -..>-



Invariant vs. Variant

Invariant : Boolean expression that should

Invariant alway hold (after each event occurrence
trul- ·

falst: Lin

Naviant : Integer expression that may changeafter occervesoNavant 1

(N) ·e no less⑨

&

hit MoutILin ILout



Use of a Variant to Measure New Events Converging

Variants for New Events: 2 · a + b variant: 2 · a + b

occurrences of 
concrete events

<init, ML_out, ML_out, IL_in, IL_in, IL_out, IL_out, ML_in, ML_in >

a = 
b =
c =
v =

a = 
b =
c =
v =

a = 
b =
c = 
v =

a = 
b =
c = 
v =

a = 
b =
c = 
v =

a = 
b =
c = 
v =

a = 
b =
c = 
v =

a = 
b =
c = 
v =

a = 
b =
c = 
v =

fixed

W

&

-

-

11111111
O 0 0 0 De-

& 8

8!
& 2



Lecture 21 - Nov. 21

Bridge Controller

Proof Obligations of System Variant



Announcements/Reminders

• Lab5 released (due on Tuesday, December 3)
• WrittenTest2 results to be released on Wednesday
• Exam review sessions polling
• Bonus Opportunity coming: Formal Course Evaluation



LiveLock/Divergence
-> caused by an infinite interleaving of

new events
, busin looping

concrete model in the abstract
model

-> Variant (EN) I
~not the cause of livelock of a model

~ just a lecture on if livelock is
preseninyoumodupovemexed



Use of a Variant to Measure New Events Converging

Variants for New Events: 2 · a + b variant: 2 · a + b

occurrences of 
concrete events

<init, ML_out, ML_out, IL_in, IL_in, IL_out, IL_out, ML_in, ML_in >

a = 
b =
c =
v =

a = 
b =
c =
v =

a = 
b =
c = 
v =

a = 
b =
c = 
v =

a = 
b =
c = 
v =

a = 
b =
c = 
v =

a = 
b =
c = 
v =

a = 
b =
c = 
v =

a = 
b =
c = 
v =

fixed

W

-

&

-
ML -Out

A Given that the starting value of E of the first new event is finite,
inin

the # of interleaved new events is also finite. oldevent,a
1 1111111 4-zuente

O

! 3 ! 0000 *

& 8 O 8 O !
8↑& 2

~ ~ ~



PO of Convergence/Non-Divergence/Livelock Freedom

Variant Stays Non-Negative

A New Event Occurrence Decreases Variant

variant: V(c, w)

occurrences of 
new events

IL_in/NAT

IL_in/VAR

Variants for New Events: 2 · a + b

guard * V2.a + b
ofhert newerentNO (2- dEN

~

const con var
> +

za+b
·

UCCsW)

NEW GENDENCEN a >o v/
n = d a=vc : 0 atbts in EN :C, F((,W()

IL _

in/NAT

AllS neweventvaluedecreased.
Tues.

event

dEN

X
effect
~
~
> A

I MEN GENDENCEN a 301-2. (a- 1) + (bH) < Zath
n = d a=vc : 0 atbts in

↳ v ↳ ~



Exercise Given variant : a +1

(1) Re-trace the value ofV using
the same trace (an plot the diagram).Can the same patterns be observed ?

(2) Formulate the NAR and NAT POs.
( & * 2 = 4 sequents
NAT ,
VARW IL-inn Il-out

is, Are they provable ?



Example Inference Rules
H = 4vQ

= [P = 143
H = <G4)vq

= [P = 8 = +pvq3
HE (2p = g)

= C shunting 3
& Af x up = G
O



Question

RVS

I
4xQ# of maximum sequents to prove instead ?

RV S
↑pxgORCAR

R



Lecture 22 - Nov. 26

Bridge Controller

Relative Deadlock Freedom
2nd Refinement: Variables & Invariants
Exam Info



Announcements/Reminders

• Lab5 released (due on Tuesday, December 3)
• WrittenTest2 results to be released tomorrow
• Exam review sessions polling



Idea of Relative Deadlock Freedom

DLF provable DLF unprovable

↑

CGRD)#inciples
Guard Strengthening
its concrete gardsome went

! DL is bad
mi

2. a refinement should
-> disjunctiona guards Fein it's unacceptable not introduce a TL

relativeabstf there's aPconcrete State S ,
s.

t.
scenario notexistini a

inmodel . abstract model the abstract model.↓
disjunction of all does not DL ins ,

concrete but concrete model ML in S.

guards wheren

&

·astate
aa
·stather-ab

~ a state Whereablock



PO of Relative Deadlock Freedom

Concrete m1

Abstract m0

- - deN A
d >0 (a+bad

" =0I nadv +so
~

~ aEN J n >0

b E/N V

2 E (as d)
a+b+ ) = n v

a=0 vC =0 (b >0xa =0)



Discharging POs of m1: Relative Deadlock Freedom

Part 1



Discharging POs of m1: Relative Deadlock Freedom

Part 2



Initial Model and 1st Refinement: Provably Correct

Correctness Criteria:
+ Guard Strengthening
+ Invariant Establishment 
+ Invariant Preservation
+ Convergence
+ Relative Deadlock Freedom

Concrete m1

Abstract m0

- 2 Pos :
VARI NAT



Bridge Controller: Abstraction in the 2nd Refinement

m1:
more concrete than m0, more abstract than m2

m2:
more concrete 
than m1

a

c

b

m0:
more abstract than m1

stions s

withoutassume-
thesenardtte.way

>correctness of refinement
1. TnU . est. & preservation 4.

Conver-

M 2 . guard strengthening gense
3. relative DLF

Mo
toa traffic

light

position.iepartabledeevent guards
.



Bridge Controller: State Space of the 2nd Refinement

Dynamic Part of Model

Exercises
inv2_3: being allowed to exit ML means limited cars & no crash
inv2_4: being allowed to exit IL means some car in IL & no crash

Static Part of Model

*why not a + b = d ?

mete-greeaThe
=> b > 0

A

a= 0

-



Exam Info
- When: 7pm to 10pm, Sunday, December 15
- Where: TC Sobeys
- Coverage: Everything (lecture materials & labs)
+ slides, iPad notes

- Format: Mostly Written
+ explanations/justifications
+ write math expressions
+ calculations, proofs 

- Restrictions:
+ One-sided, computer-typed, min 10pt data sheet
+ No sketch paper (Exam booklet includes it)
+ No calculator

- What you should bring:
+ Valid, Physical Photo ID (strict)
+ Water/Snack

-
ASCII vs .

Math.

shadyeast min

↳ - question booklet
- answer booklet



Lecture 23 - Nov. 28

Bridge Controller

2nd Refinement: Splitting Guards
Adding Invariant to Prove INV



Announcements/Reminders

• Lab5 released (due on Tuesday, December 3)
• WrittenTest2 results released
• Exam review sessions polling
• Data Sheet: 
+ Hand-Writing & Screenshots allowed
+ Font size requirement: ≥ 10pt



Single Car Travel: 
<init, 
 ml_tl_green, ML_out, 
 IL_in, 
 il_tl_green, IL_out, ML_in>

Bridge Controller: “Old” and “New” Events Priy D and
requiresafstchecks

in -

vo
, me-to-green

& [ -> ml-+e
= red.· out il-th

⑤ILout S
D

②

Du S
> &

&
itth-green 8

-

ML-in

⑪ ⑤ 6

Mi
a ,

b , C are computer variables list ref. ) MEnd ref.
↳ drivers should not access their values

ML-out ml-+-green
↳ -out drivers should only be MLgard:-ote
IL

_
out concerned about Gand :

traffic light's colours. etbadusedtodgreenxC=0



Bridge Controller: Guards of “old” Events 2nd Refinement

ML_out: A car exits mainland 
(getting onto the bridge).

IL_out: A car exits island 
(getting onto the bridge).

me-+= green

inorde,
wae sam

bothtimenot Die-te = green

Ger



Bridge Controller: Guards of “new” Events 2nd Refinement

ML_tl_green: 
turn the traffic light ml_tl to green

IL_tl_green: 
turn the traffic light il_tl to green

>
abstractguardof
a +bcdML -

aut

- C = 0 in my

ml- +l = red

b < 0 abstract
-> a = 0 garda

it-th = IL-

out

red in mc



PO/VC Rule of Invariant Preservation: Sequents
Abstract m1

Concrete m2
ML_out/inv2_4/INV

Exercise: Specify IL_out/inv2_3/INV

#



Example Inference Rules
Modus Ponens

(px(p=g))= q

H Xp = G
& II

O - H = (p = g)

Contra-positive
<p = G P

= G Contra-poss <8 = <(p)



Discharging POs of m2: Invariant Preservation First Attempt

ML_out/inv2_4/INV

Outstanding/Unprovable Sequent
green I red
ml- +l =great
it- +h = green
⑰ = 0 contradiction

.

Tme False = False)



Discharging POs of m2: Invariant Preservation First Attempt

IL_out/inv2_3/INV



Understanding the Failed Proof on INV

Unprovable Sequent: 
green ≠ red 

∧ il_tl = green 
∧ ml_tl = green 
⊢ 

1 = 0

IL_out/inv2_3/INV ML_out/inv2_4/INV

Fixedexercise!

~

C =0
C= 0 contra-

diction!

Il-ont
>

c+ 1

Fossi
~

&



Abstract m1

Concrete m2

Exercise: Specify IL_out/inv2_3/INV

Fixing m2: Adding an Invariant

ML_out/inv2_4/INV

·de



Discharging POs of m2: Invariant Preservation Second Attempt

ML_out/inv2_4/INV

green ≠ red
ml_tl = green
ml_tl = red ∨ il_tl = red
il_tl = green
⊢ 
1 = 0

Approach 1 :

↑ NOT-L

green+ red x great red Approach2me-th = green ->
ml-tREred ER-LRs green-red great ,

I,
O OR_L iC-tC = green MON

it+h = green falst
T =0 T=o

exercise



Discharging POs of m2: Invariant Preservation
IL_out/inv2_3/INV

green ≠ red
il_tl = green
ml_tl = red ∨ il_tl = red
ml_tl = green
⊢ 
1 = 0

Second Attempt



Lecture 24 - Dec. 3

Bridge Controller

Adding Actions
Splitting Events
Preventing Livelock/Divergence
Proving Livelock/Divergence Freedom



Announcements/Reminders

• Lab5 due today
• Exam review sessions and office hours TBA
• Sample exam questions to come
• Data Sheet: 
+ Hand-Writing & Screenshots allowed
+ Font size requirement: ≥ 10pt



Exercise: Specify IL_tl_green/inv2_5/INV

Fixing m2: Adding Actions
ML_tl_green/inv2_5/INV

Added inv2- 5 : ↓ * Le ML
-
out

mett = redr <- new inv. ML-in
il-t = IL

_alt

und In in
-

g Agener
mo

&

MI

Mz

conce meta
M2th-gH · C = 0

Imete A

green = red v red-red

gith'=red vet
= red



invi
- 3 : ml

-+1 =g => a+bcdxo
Discussed (Thursday) · inv2

- 4 : il
-+1 =g => b >0x0

il-+1 =geto(
ML

-

out/iNVI-4/INV-

IL-out/inv2 -
3/ INV (safety

me-+=gett

To Discuss (Toda) me-t =ged
M2

-out/iNI-3/ INV

IL-out/invI
= 4/INV ) capaciting
it+=&Es



Exercise: Specify IL_out/inv2_4/INV

Invariant Preservation: ML_out/inv2_3/INV

ML_out/inv2_3/INV
&

~

+2= a+ 1

&

60 post-staff
of ML-out
(a= a+1)



Discharging POs of m2: Invariant Preservation First Attempt

ML_out/inv2_3/INV

Unprovable atbad
C = 0

med
#
IMP-L

.



Understanding the Failed Proof on INV

Unprovable Sequent: 
a + b < d

∧ c = 0
∧ ml_tl = green 
⊢ 

(a + 1) + b < d

&

ML-Onenabled

· M2out

forxH) nottea
Yan'tX + 1 < 2

ML -

out 2 .g4equalt allowing,

↳
need to turn

Dibto
red bridge

me-te to red righha



Fixing m2: Splitting Events
M1 : M2 -out IL-out

/ /
M2 : MLout

=
l IL-out-l

ML_out-2 IL - out - Z

*-out
---

· ML
_out-Z

↳

L

disableout

↓
assooncyreace ameth



Current m2 May Livelock iing
of nerents

The current mz diverges
:there's

startingpoineclock one validtrace of
- infinite interleaving

of new events.



Fixing m2: Regulating Traffic Light Changes

< init, 
  ML_tl_green, 
  ML_out_1,
  ML_out_2, 
  IL_in, 
  IL_in,
  IL_tl_green, 
  IL_out_1, 
  IL_out_2, 
  ML_in,
ML_in 

>

d = 2 ml_pass il_pass
1 1

Divergence Trace: <init, ML_tl_green, ML_out_1, IL_in, IL_tl_green, ML_tl_green, IL_tl_green, …>
disabled=2.+-greenboth newwebled.

- P
O I
I S· S S

I S

I (
& O

I S

disable I /

I I

Since S S

me-te turned, passed.



Fixing m2: Measuring Traffic Light Changes

< init, 
  ML_tl_green, 
  ML_out_1,
  ML_out_2, 
  IL_in, 
  IL_in,
  IL_tl_green, 
  IL_out_1, 
  IL_out_2, 
  ML_in,
ML_in 

>

d = 2 ml_pass il_pass
1 1
0 1
1 1
1 1
1 1
1 1

01
1 1
1 1
1 1
1 1 occurrences of 

new events

variant: V(c, w)

2

I

2

2o...

2

t
2



PO of Convergence/Non-Divergence/Livelock Freedom

A New Event Occurrence Decreases Variant

ML_tl_green/VAR

Variants: ml_pass + il_pass

~ post-statedue of
war.

↓

pre-statf
var.

o il-pass
S

t *mass+pass'
me-pass'=Oil pass = it-pass

*&O ~

me-pass + if-pass



PO of Relative Deadlock Freedom
Abstract m1

Concrete m2



Discharging POs of m2: Relative Deadlock Freedom

IS#1 IS#2

IS#3



1st Refinement and 2nd Refinement: Provably Correct

Correctness Criteria:
+ Guard Strengthening
+ Invariant Establishment 
+ Invariant Preservation
+ Convergence
+ Relative Deadlock FreedomAbstract m1

Concrete m2



Review Q & A - Dec. 13

Exam Review Q&A



②select
Hon

I ③ From there
,
see how

D these hupposess are
Examine what's to be proved related to the

(1) Structure (Es >; =)

12) variables involved S goal

↳ datasheles applicable



p = (p)

red
·

↳ contra-positive
NOT

-
L

green = red# p (p
=Q = x=P

it-+C = grea ARI -
17 0 D

↑green = red of



set of
all possibleeal injections

& 3
↓
subset

compiles)the

idfalse
*EX , Y,

invalid 5x3 not valid

(not type correct)



pre-transfakthethnot post-tran
. on a

TS

f + d f= f

~

g = d g=f



· Find a trace to prove some given variant
?

↳
even if this witness shows that the NAT and VAR

properties are satisfied
,
it's not sufficient

- tases · NAT x VAR

To prove a given variant , State NAT and VAE POS
and prove them .

x

880
·
To disprove a variant being valid/appropriate,

find a witness trance which violates either NATor

VAR
,



* before thechargetin isT-G&

-> irreleventreda

DLfreed



I hope you enjoyed learning with me e

All the best to you


